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A B S T R A C T
The thesis is concerned with the vibrational characteris­
tics of straight and pre-twisted cantilever beams of uniform rectangular 
and aerofoil cross-section.
Two methods are presented for the solution of the diffeten-’ 
tial equations of motion of pre-twisted rectangular cross-section beams 
neglecting shear and rotary inertia effects. The first method consists 
of transforming the original equations into a set of first order simul­
taneous equations and solving by a step-by-step finite difference proce­
dure. The second method is a Rayleigh Ritz procedure for which two 
types of approximating functions are considered. The natural frequen*’. 
cies and mode shapes of vibration are obtained up to the fifth mode 
by both methods.
The results are compared to each other and to the work of 
other investigators where available and good agreement is obtained.
The Rayleigh Ritz method is extended to allow for shear 
and rotary inertia effects for both straight and pre-twisted rectangular 
cross-section beams. For straight beams good agreement is shown to 
exist with known solutions. The effect of variation in the value of 
the shear stress factor upon natural frequencies of pre-twisted 
rectangular cross-section beams is also examined.
The transformation method has been extended to solve the 
equations of motion of aerofoil cross-section beams. The natural 
frequencies and mode shapes of vibration are obtained up to the fifth 
mode for both clockwise and anti-clockwise pre-twist relative to t^e
• 3*
root.cross-section. The natural frequencies, for the case of zero 
pre-twist, are compared to results obtained by an analytical solution 
of the equations of motion and to standard solutions for certain special 
cases and good agreement is obtained.
The effect of variation of the value of centre-of-flexure 
co-ordinates upon beam natural frequencies and mode shapes is also 
discussed.
The natural frequencies and mode shapes of vibration are 
obtained by experiment for both rectangular and aerofoil cross-section 
beams and are compared to theoretical results.
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CHAPTER 1
L  INTRODUCTION
In a gas turbine various forces act on the turbine and 
compressor blading* These forces arise mainly from unbalanced 
mechanical effects and gas flow through the machine. When the fre­
quency of the exciting force coincides with a natural frequency of 
the blade, resonance occurs with a resulting large vibration ampli­
tude and consequently blade failure by fatigue may occur.
The serious nature of the damage likely to result from 
blade failure is well known and hence an accurate knowledge of the 
blading frequency and type of vibration is most important. A 
theoretical study of the problem is usually made by considering the 
blades as cantilever beams.
The purpose of the present work is to study the vibration 
characteristics of non-rotating straight and pre-twisted uniform 
cantilever beams of rectangular and aerofoil cross-section, and in 
particular, to obtain methods of solution of the differential 
equations of motion of the beam. The theoretical work falls naturally 
into two sections concerning rectangular and aerofoil cross-section 
beams respectively.
For rectangular cross-section beams the theoretical fre­
quency ratio p/L and the mode shapes of vibration, neglecting shear Py
and rotary inertia effects, are obtained for beams of varying width
to thickness ratio pre-twisted within the range 0 to 90 degrees. 
These results are only applicable to slender beams since shear and 
rotary inertia effects are neglected.
The theoretical natural frequency ratios are also 
obtained for six inch long beams of width to thickness ratios 8:1 
and 4:1 allowing for shear and rotary inertia effects.
The aerofoil cross-section beam used in the second part 
of the work is six inches long and its width to thickness ratio is 
such that it may be regarded as a slender beam. Theoretical fre-? 
quency ratios and mode shapes of vibration,neglecting shear and 
rotary inertia effects, are obtained for two sets of beams, one 
with clockwise pre-twist relative to the root cross-section and the 
other with anti-clockwise pre-twist.
The theoretical results for both rectangular and aerofoil 
pross-section beams are compared to experimental results.
 ^ The rectangular cross-section blades used in the experi­
ments are of drawn mild steel and the aerofoil blades are of rolled 
stainless iron.
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CHAPTER 2
2. GENERAL SURVEY AND SCOPE OF INVESTIGATION
The failure of turbine and compressor blading because of 
vibration has led to considerable interest in the vibrational charac­
teristics of pre-twisted beams., The blades used in turbines and com-., 
pressors are of aerofoil cross-section and the vibration is of the 
coupled type.
When a straight beam of asymmetrical aerofoil cross-section, 
as shown in Fig. 2.1(a), is subjected to vibrating movement the motion 
consists of simultaneous displacements in two perpendicular directions 
coupled with torsion. This is referred to as bending-bending-torsion 
vibration and each normal mode consists of simultaneous bending dis­
placements in two perpendicular directions together with torsional 
movement.
When a beam has one axis of symmetry, as sho\m in Fig. 2.1
(b), the bending vibration in the x direction is an independent bend­
ing vibration, whereas the bending vibration in the y direction occurs 
simultaneously with a torsional vibration and is referred to as bend- 
ing-torsion vibration.
When the centre-of-flexure and mass axis are collinear, 
as for example in rectangular cross-section beams, the bending 
vibrations in the two perpendicular principal planes occur independ­
ently as well as an independent torsional vibration.
Initial pre-twist of rectangular cross-section beams
causes the two independent bending vibrations to couple together re­
sulting in a vibration of the bending-bending type, but the torsional 
vibration remains uncoupled. Initial pre-twist of beams with one 
axis of symmetry causes the bending-torsion vibrations to couple with 
the independent bending vibration resulting in coupled vibration of 
the bending-bending-torsion type.
Finally initial pre-twist of asymmetrical aerofoil cross- 
section beams will affect the values of the natural frequencies bqt 
the vibration will still be of the bending-bending-torsion type.
A fuller understanding of the vibration of aerofoil 
pross-section beams can be obtained by a prior study of bending- 
bending type vibrations.
Many investigators have worked on the vibrations of pre- 
twisted beams of rectangular cross-section, but at the present time 
a comprehensive theoretical and experimental study of the natural 
frequencies and mode shapes of vibration is still not available.
Geiger (l) determined the experimental natural frequen­
cies of beams of various width to thickness ratios from 2:1 to 20:1 
with pre-twist angle up to 45 degrees. Experimental mode shapes 
were not however determined.
Mendalson and Gendler (2) presented a method of solution 
of the equations of motion by means of Station Functions, They 
determined the first three natural frequencies of a rectangular
beam of width to thickness ratio 12:1 for pre-twist angles in the 
range 0 to 60 degrees. Experimental results were obtained for the 
first two natural frequencies and compared to theoretical results.
The mode shapes of vibration were not however presented. It was 
noted by Houbolt and Brooks (3) that the analysis is incorrect since 
the expressions for the moments were invalid for finite rates of pre­
twist.
Rosard (4) determined the experimental natural frequen­
cies for beams of width to thickness ratios in the range 4:1 to 
12:1 and pre-twist angle up to 40 degrees. The results were com­
pared to theoretical results determined by the Myklestad method. 
Calculated mode shapes were presented for the first three modes of 
vibration of an 8:1 width to thickness ratio beam with a pre-twist 
angle of 40 degrees. No experimental mode shapes were determined. 
The methods of excitation and vibration detection were not very re­
fined and the accuracy of the experimental results is open to doubt.
Diprima and Handelman (5) obtained the differential 
equations of motion and solved them by the Rayleigh Ritz principle 
using fourth order polynomials as approximations to the dynamic 
displacement curves. The fundamental frequencies only were obtain­
ed for a set of pre-twisted beams of various width to thickness 
ratios with pre-twist angles up to 29 degrees. No experimental 
confirmation of the results was presented.
Troesh,Anliker and Zeigler (6) obtained the equations of 
motion and presented an analytical solution. The assumption was 
made, however, that one of the principal second moments of area was 
infinite. No experimental confirmation of the results was presented.
In subsequent workAnliker and Troesh (7) obtained the 
lowest four eigenvalues of pre-twisted rods of uniform cross- 
section and pre-twist for eight different sets of end conditions. In 
this -work the assumption that one of principal second moments of area 
was infinite was relaxed. Mode shapes were not presented nor were 
the results compared to experimental work.
Slyper (8) obtained the theoretical frequency ratios 
for sets of pre-twisted rectangular cross-section beams of varying 
width to thickness ratios by the Stodola method but only one set of 
deflection curves was presented. The disadvantage of this method 
is that for computation of higher modes it is necessary to eliminate 
the modes lower than the one required. This lowers the accuracy of 
the higher modes and also increases the computing time.
Little work has been done on the vibration of pre-twisted 
cantilever beams of asymmetrical aerofoil cross-section.
Isakson and Eisley (9) determined the natural frequencies 
of vibration for a pre-twisted beam in coupled bending-torsion 
vibration using an extension of the Holzer-Myklestad method. No 
comparison, however, was made between experimental work and
theoretical results and mode shapes were not presented,
Mendalson and Gendler (2) gave a method of solution by 
station functions producing natural frequencies of vibration for a 
straight beam executing coupled bending-torsion vibration.
Houbolt and Brooks (3) derived the equations of motion 
for pre-twisted beams whose mass and elastic axes were non-collinear* 
The equations of motion allowed for variable mass per unit length and 
stiffness and also included many second-order terms, A solution by 
the Rayleigh-Ritz method was indicated but no attempt at a solution 
was made for a practical case.
The equations of motion of pre-twisted aerofoil cross?- 
section cantilever beams allowing for a number of second-order efr 
fects have also been determined by Carnegie (10),
The equations of motion for pre-twisted aerofoil cross-
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section cantilever beams have also been derived by Montoya including 
some second-order effects. The derived equations of motion were 
solved by a similar method to the transformation method presented in 
this thesis. Natural frequencies were obtained up to the seventh 
mode of vibration for an actual turbine blade of tapered aerofoil c 
cross-section and 72 eras, long. The theoretical natural frequencies 
were shown to give satisfactory agreement with experimental results, 
the maximum error up to the fifth mode being 7% at the fifth mode. 
Unfortunately, neither theoretical nor experimental results were
presented for the mode shapes of vibration which limits the value of 
the work.
The purpose of the present work is to study the vibra­
tional characteristics of non-rotating straight and pre-twisted beams 
of rectangular and aerofoil cross-section. The theoretical study 
requires solution of the equations of motion of the system and in this 
work two methods of solution have been applied to the problem.
One method of solving the equations of motion is present­
ed which consists of transforming the original differential equations 
of motion into a set of simultaneous first order differential equa­
tions and solving these by a finite difference step-by-step procedure.
Throughout the rest of th© thesis this method is referred 
to as the transformation method. It is very flexible and can be ex­
tended to allow for linear taper, shear, rotary inertia effects and 
centrifugal tensile effects. It was chosen in preference to a matrix 
solution because of its inherent stability as against the unknown 
stability of a problem involving large matrices. The inherent 
delicacy of the computations is noted by Fettis in the paper by 
Diprima and Handelman (5)* The accuracy of the method is not direct­
ly dependent on the mode number which is an advantage over the Stodola 
method and it is preferred to the Myklestad type methods since it 
involves direct solution of the equations without lumping parameters.
The Rayleigh-Ritz method is also applied to the problem
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and two types of approximating functions are considered* Firstly, 
the static deflection curves are taken as approximations to the 
dynamic displacement curves and the first two natural frequencies ob­
tained, Secondly, series of the characteristic functions represent­
ing the mode shapes of vibration of straight beams are taken as 
approximations to the dynamic displacement curves yielding the funda­
mental and higher modes of vibration. The theoretical work falls 
naturally into two sections concerning rectangular and aerofoil cross- 
section beams respectively.
The first part of the theoretical work on rectangular 
cross-section beams neglects shear and rotary inertia effects and is 
only applicable to slender beams whose cross-sectional dimensions are 
small in comparison to the wavelength of vibration. The natural fre­
quencies and mode shapes of vibration up to the fifth mode are obtain­
ed both by the transformation method and the Rayleigh-Ritz method for 
beams of various width to thickness ratios and pre-twist angles in the 
range 0 to 90 degrees. The theoretical results obtained by the two 
methods are compared to each other and also to results obtained by 
experiments on sets of pre-twisted beams of corresponding width to 
thickness ratios and pre-twist angles in the range 0 to 90 degrees.
The differential equations of motion, which are derived 
neglecting shear and rotary inertia, are dependent upon the assump­
tions that the deflection of the beam is solely due to flexure and 
that the inertia forces due only to transverse acceleration are con-
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sidered. These equations are sufficiently accurate for relatively 
slender beams and for determination of lower modes. For stubby beams 
and where higher modes are required, considerable error may be incur­
red by use of these equations.
The effect of rotary inertia was first introduced by 
Rayleigh (ll) and this was extended by Timoshenko (12) (13) “who ob-i 
tained an equation allowing for both shear and rotary inertia effects. 
The Timoshenko beam equation has been solved by Dengler and Goland (l4) 
who obtained a Laplace transform solution for the flexural response of 
a uniform infinite beam to a transverse impulse. Miklowitz (15) also 
obtained Laplace transform solutions for the flexural response of 
certain beams to transient loading. Sutherland and Goodman (l6) solved 
the Timoshenko beam equation for the case of simply supported and 
cantilevered beams and subsequently R.A. Anderson (17) and Dolph (l8) 
gave general solutions and a complete analysis of a uniform hinged- 
hinged beam. Huang (19) used the methods of Ritz and Galerkin to 
present results for a hinged-hinged beam. Later Huang (20) presented 
results for six common types of finite beams including a cantilever 
beam. W.C. Hurty and M.F. Rubenstein (21) derived generalised mass 
and stiffness matrices from the kinetic and strain energy expressions 
and presented results for a uniform simply supported beam. Others 
who contributed to the work include Jacobson (22), Kruszewski (23) 
and Traili-Nash and Collar (24).
In this report the Ritz method is applied to the problem.
Series of the characteristic functions representing the modes of 
vibration of straight beams, without shear and rotary inertia effects 
included, are taken as approximations to the dynamic displacement 
curves for both bending and shear deflections. The method shows 
agreement to within 1.2% of the results presented by Sutherland and 
Goodman (16) and Huang (20) using analytical solutions. The separate 
effects of shear and rotary inertia upon beam frequencies are also 
presented.
This method has been extended and applied to pre-twisted 
beams and the natural frequency ratios allowing for shear and rotary 
inertia effects are presented for beams of width to thickness ratios 
8:1 and 4:1 and of length six inches.
The theoretical results allowing for shear and rotary 
inertia are dependent upon the numerical value of the shear stress 
factor k. The effect of changes in the value of k upon theoretical 
natural frequencies ratios is shown for the 4:1 b/^ ratio beam.
The approximating functions should satisfy both the 
boundary conditions of the beam and the orthogonality relationship of 
normal modes. The orthogonality condition for normal modes allowing 
for shear and rotary inertia effects is derived. It is shown that 
the approximating function chosen does not satisfy all of this condi­
tion nor all the boundary conditions.
The theoretical results are compared to those obtained
by experiment for sets of pre-twisted beams of length six inches and 
width to thickness ratios 8:1 and 4:1 and pre-twist angle within the 
range 0 to 90 degrees.
The aerofoil beam cross-section used in this work has an 
equivalent width to thickness ratio of 8,96:1 and is six inches long. 
It is shown in the work on rectangular cross-section beams that the 
shear and rotary inertia effects, for a beam of width to thickness 
ratio 8:1 and length six inches, are very small for the first four 
natural frequencies. The theoretical analysis for this particular 
aerofoil beam is therefore made neglecting shear and rotary inertia 
effects.
The differential equations of motion for a straight 
aerofoil cross-section beam are solved by an analytical method and 
the natural frequencies obtained up to the fifth mode. The 
differential equations for pre-twisted aerofoil beams are transformed 
into ten first order simultaneous equations and a solution obtained 
by a finite difference step-by-step procedure. This method is re­
ferred to throughout the thesis as the transformation method. 
Theoretical natural frequencies and mode shapes are obtained for the 
first five natural frequencies. The natural frequencies obtained 
by the transformation method, for the special case of zero pre­
twist, are compared to those obtained by the analytical solution and 
to standard results•
The differential equations of motion are dependent upon 
the position of the centre-of-flexure axis relative to the mas® axis. 
The effect upon beam natural frequencies and mode shapes of vibration 
of variation of the values of these co-ordinates is shown.
T^o sets of theoretical results are presented, one for 
beams pre-twisted clockwise relative to the root cross-section, and 
the other for beams pre-twisted anti-clockwise relative to the root. 
The angle of pre-twist is in the range 0 to 90 degrees.
Experimental results are obtained for two sets of aerofoil 
beams pre-twisted within the range 0 to 90 degrees, one set with 
clockwise and the other set anti-clockwise twist relative to the root 
cross-section.
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ASYMMETRIC AEROFOIL CROSS-SECTION BEAM
c.P
X
FIGURE 2.1(a)
BEAM WITH ONE AXIS OF SYMMETRY
FIGURE 2.1 (b)
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CHAPTER 3
3. EXPERIMENTAL WORK
3 d  Nature of Experiments
Preliminary routine tests were performed to obtain tho 
value of the modulus of elasticity of rectangular cross-section 
beamso The aerofoil beams were taken from the same stock as that used
by Carnegie (10) and the values of the modulus of elasticity, the
modulus of rigidity and torsional stiffness used in the report are 
taken from his results.
Two sets of aerofoil beams, one with clockwise pre-twist 
and the other with anti-clockwise pre-twist relative to the root 
cross-section, were pre-twisted in the rig used by Carnegie (10).
The range of pre-twist angle was from 0 to 90 degrees.
Rectangular beams, of lengths six inches and twelve 
inches and with width to thickness ratios in the range 4;1 to 16:1, 
were pre-twisted up to 90 degrees in a modified torsion machine.
A series of vibration tests was performed on the sets of 
beams with the object of determining the natural frequencies and mode 
shapes of vibration up to the fifth mode.
Measurement of the mode shapes requires the overall 
movement in two perpendicular planes to be obtained. These measure­
ments were determined by means of a travelling microscope which 
could be moved in three mutually perpendicular planes. A stroboscope 
was used in conjunction with the microscope and its flashing frequen-
cy was controlled very accurately by a decade oscillator.
The amplitudes of vibration of the higher modes of 
vibration of the 4;1 b/<j ratio beam were two small to be measured 
satisfactorily by the microscope. An alternative method of measur­
ing the mode shapes by capacitance probes was therefore used for this 
particular b/^ ratio beam.
Preliminary vibration tests were performed to find an 
exciter which would give sufficient power to enable higher modes to 
be measured but which would not appreciably alter the natural fre­
quency or mode shape of vibration.
3.2 Preliminary Exciter Tests
In previous work by Carnegie (10) the beams were excited 
by an alternating force applied near the root cross-section by means 
of a light steel probe. The probe was driven electrically by a 
moving coil exciter supplied by a variable frequency oscillator via 
an amplifier. The resonant frequencies were determined by the 
movement of sand sprinkled on the beam. This method whilst suitable 
for the fundamental frequency gave spurious overtone modes and the 
results obtained did not show clearly the effect of twist upon the 
overtone frequencies. Also, since spurious frequencies were 
obtained, it would be expected that the mode shapes would be altered 
to some extent. This method of excitation was not considered
suitable for the present work and three types of exciters were 
examined, these being
(1) Electromagnetic exciter
(2) Air exciter
(3) Piezo-electric exciter
3.2.1 Electromagnetic Exciter
The vibrator consisted of a laminated stalloy core (a) 
on which two AC coils were mounted as shown diagrammatically in Fig.
3.1. The core of 3/4 inch square section was built of transformer 
laminations bonded together with alraldite. The core was attached 
to the blade mounting block (b) by a clamp (c) holding it beneath 
the blade and perpendicular to its trailing edge. A brass plate (d) 
and a layer of tufnol (e) was inserted between the core and the 
mounting block to provide both magnetic and electrical insulation.
The limb at the root end of the beam was shaped to correspond to the 
lower surface profile of the beam. It was positioned just clear of 
the beam lower surface, the gap being just sufficient to prevent 
contact between the core and the beam during vibration. The gap was 
left as small as possible to keep the reluctance of the magnetic path 
to a minimum.
The limb at the beam tip was arranged so that it oould 
be moved vertically relative to the rest of the core, and was fixed 
in any desired position by the clamp (f). One coil was supported by
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the horizontal limb and the other held in position around the vertical 
limb by the support (g). The coils were wound with 18 S.V.G. Lewmex 
wire on tufnol formers with a total of 1600 turns. They were tapped 
to give a wide selection of turns to enable the impedance of the 
coils to be matched to that of the output transformer of the amplifier 
throughout the frequency range.
The coils were supplied from an Advance oscillator (h) 
feeding into a four hundred watt power amplifier (i)« The signal 
from the oscillator (h) also fed into the Y plates of an oscilloscope 
(j) through a built-in voltage amplifier. The X plates of the 
oscilloscope were fed from a decade oscillator (I?) to give accurate 
monitoring of the beam frequencies by a Lissajou figure. This 
arrangement provided the convenience of the continuously tunable 
oscillator for determining the frequencies and the accuracy of the 
decade oscillator for obtaining their magnitude.
The exciter proved to be satisfactory for frequencies 
up to the third mode after which very little movement of the beam 
could be obtained. Since the object of this work was also to 
measure mode shapes the exciter was not considered suitable for the 
present work.
Two other disadvantages were also found
(i) the beam became very hot
(ii) a steady deflection about the equilibrium
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position was produced by the steady force.
component .
3»2.2 The Air Exciter
The Air Exciter consisted of a Vitavox Pressure unit 
GoPolo to which a delivery nozzle was fitted. The unit was essential-! 
ly a permanent magnet and a thin alloy foil diaphragm with a fine 
energising coil wound round its shoulder. Application of an alterna­
ting current to the energising coil resulted in an alternating 
movement of the diaphragm producing a pulse of air at the nozzle.
The power to the unit was supplied by an advance oscilla­
tor via a twenty-watt Williamson amplifier. A decade oscillator was 
also used as described previously to determine the natural frequen­
cies with accuracy.
The current and voltage supplied to the unit were 
measured by a thermocouple in a moving coil ammeter and a rectifier 
in a moving coil voltmeter; these were special high frequency in­
struments.
The exciter was mounted on a base plate held by two links 
connected by adjustable ball joints. This enabled the nozzle to be 
positioned at any desired point on the pre-twisted beam. The 
general arrangement of the apparatus is shown in Fig. 3*2 and an 
exploded view of the exciter is shown in Plate 1.
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The exciter proved excellent for the first three modes but
lacked the power to produce measurable amplitudes at higher modes. It
was therefore considered not suitable for tie present work.
The main advantages of this unit were:-
(I) Compact and self-contained
(II) The air pulse could be concentrated at the position 
required to give maximum deflection.
3*2.3 Piezo-Electric Strain Gauge Exciter
Basically the piezo-electric effect can be defined as the 
phenomenon whereby an applied pressure on certain crystals will cause 
an electric charge or potential to appear across the faces. The 
effect was first discovered in 1880 by Pierre and Jacques Curie (25) 
and the property is now widely used in applications such as gramophone 
pick-ups and microphones. As well as single crystals ceramics such 
as barium titanate and lead zirconate also exhibit these effects.
The property of these ceramics which enables crystals of electrically polar 
structure to switch direction of polarity under the influence of a 
strong electric field and to retain their new orientation after the 
removal of the external field, is known as ferro-electricity. This 
term is used since the effect is analogous to the property exhibited 
by permanent magnet materials where the external influencing is magnetic 
rather than electrostatic.
With a single crystal of a piezo-electric material the 
spontaneous electric polarization may be in a positive or negative sense 
along any one of the three cubic axes of such a material.
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A ceramic barium titanate or related material consists 
of a large number of crystallite centres bonded together and these 
individual crystals are essentially of a random orientation. The 
polarity will therefore be randomly distributed. Each crystal centre 
is called a domain and a random orientation of domains is produced 
when the material reaches a particular temperature known as the Curie- 
point. Application of a strong electric field of about twenty kv 
per centimetre of thickness at a temperature just below the Curie 
point changes the domain pattern and causes a permanent polarity in 
the direction of the applied field. The ceramic is then volume 
responsive9 that is to say, when an electric field is applied it ex­
pands in the direction of the applied field and contracts by a 
smaller amount in all directions perpendicular to this direction.
This is known as the1converse1 piezo-electric effect. The * direct* 
piezo-electric effect is the production of electric charge by com­
pression or tension either parallel or perpendicular to the polarizing 
direction.
The ’converse* effect is utilised when the ceramics are 
used as exciters. The gauges are bonded onto the specimen being 
vibrated and an alternating voltage is applied across the gauge.
Of the gauges commercially available the lead zirconate 
type was chosen for the following reasons:-
(I) It has a higher electromechanical coupling factor
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than the other gauges which results in more 
power for the same supply,
(II) A high Curie point enables very high operating
temperatures to be maintained without destroying 
the polarity. The leads can therefore be safely 
soldered without fear of destroying the polarity,
(ill) Ageing is negligible after seven days from
manufacture*
(IV) Small dimensions enable it to be fixed to the beam
without altering the natural frequencies and mode 
shapes* A gauge is shown attached to a beam in 
Plate 2*
The impedance of the gauges is a function of the frequency 
and at low frequencies the impedance is very high and falls off with 
increasing frequency, A suitable driving stage would therefore be 
one with a variable impedance which could be matched to the gauge 
impedance throughout the frequency range,
It was found that, when a decade oscillator was fed via 
a twenty watt power amplifier into a step-up transformer of output 
impedance ten K ohms, an output voltage of eight hundred volts could 
be supplied to the gauge* This was found to be adequate to give 
measurable deflections up to the fifth mode and hence no further 
attempts were made to match impedances*
The gauges proved to be admirably suited for the present 
work giving appreciable amplitudes even at higher modes.
Tests using the air exciter and lead zirconate gauges 
independently as exciters on the same beam showed no appreciable dif­
ference in natural frequencies and mode shapes of vibration up to the 
third mode of vibration. Comparison at higher modes could not be 
made since the air exciter was not powerful enough to excite these 
modes,
3,3 Pre-twisting of Beams
3,3.1. Rectangular Cross-section Beams
The method of pre-twisting adopted by Carnegie (10) 
consisted of clamping a two inch portion of the beam in a split block, 
and applying a torque by a split torque bar attached to the last one 
inch of the free end of the beam. The torque was applied by manual 
application of a twisting movement to the torque bar. After removal 
from the block the one inch straight part of the beam was removed.
The finished blade thus consisted of the required length of pre- 
twisted beam together with a two inch straight length at one end.
This method was not used in the present work as there 
was no control to prevent a bending moment being applied to the beam.
The beams were therefore pre-twisted in a modified 
torsion testing machine as illustrated in Plate 3.
•  42 o
The backing plates of the attachments (a) and (b) were 
bolted onto the face plates of the torsion machine. The attachment 
(a) consisted of a backing plate to which a semi-circular base (c) 
was bolted. A clamping plate (d) of length two inches was positioned^ 
on the base (c) by four bolts. The attachment (b) consisted of a back 
plate to which was bolted the rectangular base (e). A clamping plate 
(f) of length half an inch was positioned on the base (e) by two 
bolts. The angle of pre-twist was measured by a scale scribed onto the 
back face plate (g) of the torsion machine and a fixed pointer.
The beams were pre-twisted in the following manner. The 
beams of length two and a half inches greater than the cantilever 
length required were placed in the two clamps (d) and (f) and the 
socket headed set of screws tightened evenly.
The handle (h) was turned until about 10 degrees of 
excess pre-twist had been imparted to the blade. The handle was 
the;?, turned back until the lever arm (i) was in the original horiz­
ontal position. The angle of pre-twist was read off from the scribed 
marks on the back face plate of the machine. It was found that with 
a little practice pre-twist angles could be obtained quite easily 
within plus or minus half a degree of the desired angle.
The half inch portion of the beams was removed leaving 
a two inch straight portion for clamping and the desired pre-twisted 
length.
43
3.3*2. Aerofoil Cross-section Beams
The pre-twisted rig designed by Carnegie (10) is shown in 
Plate 4* It consists of two bearings (a) and (b) mounted on the base 
plate (c). The bearings support the housing (d) and (e) which contain 
two jaws (f) and (g) in a cylindrical recess. The jaws are suitably 
profiled to grip the aerofoil cross-section material rigidly when the 
screws (h) and <j> are tightened. The jaw housing is fitted with 
stops (n) and (p) which limit the motion of the toggle bars (k) and 
(m). A hinged support (q) is situated at the centre of the distance 
between the jaw faces. The bearing (a) can slide along the base 
plate to facilitate the entry and removal of the beam.
The beams were pre-twisted in the following manner. A 
twelve inch length of beam was fixed in the jig so that the distance 
between the two faces was six inches. The stop (n) was adjusted so 
that the jaw-housing (d) could be rotated in one direction half the 
required pre-twist angle plus an estimated amount to allow for spring 
back. The stop (p) was adjusted a similar amount. The beam was 
pre-twisted by rotating the toggle bars (k) and (m) their full extent. 
If required the stops were further adjusted until the required angle 
was obtained and the beam was removed from the jig. One of the three 
inch straight portions was removed leaving a three inch straight 
piece for clamping together with a pre-twisted six inch length.
Two sets of beams were twisted, one set with positive
pre-twist angles and the other negative. The pre-twist angles were 
in the range of 0 to 90 degrees and the two sets are shown in Plate 5»
The material from which the beam specimens were obtained
showed considerable variation in cross-section. The specimens were 
carefully selected, the dimensions being compared by means of a ball 
micrometer.
3°4 General Arrangement of Vibration Apparatus
The general arrangement of the apparatus for measuring 
the natural frequencies and mode shapes of vibration of the beams is 
shown in Plate 6 and Fig.3.3 *s a complete diagrammatic layout. In 
the following description letters, where quoted, refer to items shown 
in Plate 6, unless otherwise stated.
The beam is held rigidly in a mounting block (a) which
is bolted to a cast iron bed (b) fixed to a specially designed vibration
isolation concrete block. The methods of holding the blade root for 
aerofoil and rectangular cross-section beams are shown in Figures 3°4 and 
3<,5» i respectively. Referring to Figure 3*4, the mounting block 
for the aerofoil cross-section beam consists of a lower half (a) 
and an upper half (b). These are so machined that a special cavity 
is formed as shown. The blade (e) is gripped between the specially 
shaped split spherical jaws (c) and the sphere so formed fits the 
spherical cavity in the block. Suitable clearances are provided 
so that when the nuts on bolts(d) are tightened the blade is gripped 
rigidly.
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The mounting block for the rectangular beam^s shown in 
Figure 3«5,consists of a heavy lower block (a) in to which is machined 
on the top surface a slot one inch wide and 0.03135 inches deep. The 
beam is located by the slot and is clamped rigidly by the cap (b).
The bolt3 (c) are all tightened equally by a torque spanner thus ensuring 
& clamping over the root section*
The vibrator is a lead zirconate strain gauge fixed 
along the trailing edge close to the root cross-section. The 800 
volt (maximum) alternating voltage supplied to the gauge is fed from a 
decade oscillator (c) via a 20 watt Williamson power amplifier (d), the
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output^of which is stepped up by a 3.0:1 power transformer (e). In­
corporated in the circuit is an ammeter (f) and a voltmeter (g)5 these being 
special high-frequency instruments.
A second very small lead zirconate strain gauge is 
placed alongside the exciter strain gauge and is fed directly to the 
oscilloscope (j). The purpose of the strain gauge is to act as a 
resonance detector and also to give a reference amplitude whilst the 
mode shapes are being measured with the travelling microscope (h)„
The strain gauge also feeds a digital counter (i) via a small 
pre-amplifier (m)„
The microscope is attached to the slide (n) which is 
located on the rod (o)» The microscope can be moved along the length 
of the rod and can be fixed in any desired position by a locking screw 
(p). A fine movement in the direction along the rod can be obtained
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by the vernier screw (q). The rod (o) is located by the housing (r) 
which is bolted to the face (s) of the traversing mechanism., The 
rod can be rotated through 90 degrees and locked in position by the 
locking screw (t)„ The microscope can be used to measure motions in 
two perpendicular directions® Movement of the microscope in the 
two planes perpendicular to the axis of the beam is achieved by the 
two slides on the traversing mechanism controlled by handles (u) and 
(v)® The microscope traversing arrangement enables the movement of 
the trailing edge of the beam to be viewed in two planes.
A stroboscope (w) is used in conjunction with the 
microscope and is supported close to the beam on a frcuaaa The 
flashing frequency of the stroboscope is controlled very sensitively 
by driving the stroboscope from a decade oscillator not shown in Plate 6.
To assist observation fine grains of carborundum were 
sprinkled at intervals along the blade onto wet cement which
was allowed to dry. These grains appeared as very angular black 
objects when seen through the microscope.
For the special case of the 4:1 b/^ ratio beam the 
mode shapes are measured by means of two capacitance pick-up probes
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held in a rig designed by J. Thomas (26). for the measurement of mode 
shapes of tapered pre-twisted beams of square cross-section® The 
apparatus is shown in Plate 7« It consists basically of a probe 
holder (a) onto which are located two capacitance probes (b). The
probes can be moved axially by the knurled screws (c). The probe
holder (a) can be moved along the rod (d) and locked in any required 
position by a locking screw® The rod (d) is held at one end
in a circular scaled clamping device (f) which allows the rod to be 
rotated in a circular arc® It can be locked in any desired position 
by the looking bolts (g)® The clamping device is fixed to the 
traversing mechanism (h) which has been described previously®
The capacitance probes (maximum range 0®005 inches) 
are connected via a switching box (i) to a Wayne Kerr vibration 
meter(j)* The amplitude is also monitored on the oscilloscope (k) 
after being filtered through a5G Kc® filter (£) and amplified by a 
small transistor amplifier (m)® The input signal to the lead 
zirconate gauge is also displayed on the oscilloscope (k) as a 
reference signal.
3®5 Experimental Procedure
The apparatus was arranged as shown in Figure 3®3« The 
decade oscillator was set to approximately 20 c.p.s. and the voltage 
output level control adjusted to give an input voltage of 100 volts 
to the lead zirconate exciter gauge® The frequency was increased 
until a position of maximum amplitude was shown on the Cathode Ray 
Oscilloscope. This frequency ,as shown on the digital counter,was 
recorded and sand was sprinkled onto the beam to give an indication
of the mode of vibration. obtain higher modes the output level to the 
gauges was increased and a scan made over a large frequency range until 
the required number of modes were obtained®
The first five natural frequencies were determined by 
this procedure for the two sets of aerofoil cross-section beams. The 
first five bending-bending type natural frequencies were also deter­
mined by this procedure for the sets of six and twelve inch long 
rectangular cross-section beams.
The mode shapes were measured for all the beams except 
the 4:1 b/d ratio rectangular cross-section beams at each natural fre­
quency as follows: The blade was kept vibrating at constant ampli­
tude by reference to the output signal from the lead zirconate strain 
gauge. The microscope was moved to the blade tip and focussed on it. 
The flashing rate of the stroboscope was adjusted so that the apparent 
motion of the beam was extremely slow. The input voltage to the gauge 
was then set so that the amplitude was as close to full scale movement 
as possible. The microscope was focussed so that the tip of one grain 
was in focus at one extremity of the oscillation. The position of 
this tip on the internal microscope scale was recorded. The microscope 
was focussed again so that the tip of the grain was in focus at the 
other extremity of the oscillation and its position on the internal 
scale noted. The actual peak-to-peak amplitude of the point was the 
difference of the two observed readings. The microscope was moved 
along at J-in intervals and the blade amplitude at each station was 
thus determined.
The motion in the other plane was obtained by rotating 
the microscope through 90 degrees and repeating the above procedure.
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.The microscope was repositioned at the tip of the beam and a second 
set of readings obtained,*' Finally the beam, was repositioned at the tip
.of the beam to check amplitude drift over the second set of readings*
This procedure was repeated until two consecutive sets of readings were
obtained with constant tip amplitude* The average of these two sets of
readings were used for the plotted displacement points.
The mode shapes for the 4:1 b/3 ratio beams were s * 
measured as follows:~
Without the beam vibrating the probes were positioned 
at the free end of the beam so that they were directly oirer the
centre lines of the beam and were perpendicular to the surfaces of the
beam. The angle at which the probe holder was set was marked on the 
circular scale on the circular clamping device. This procedure was 
repeated at half inch intervals along the beam, the angles of rotation 
required at each position being marked on the circular scale.
The blade was set vibrating at the desired frequency, 
the position of resonance being determined by reference to the output 
signal from the lead zirconate strain gauge. The probes were moved to 
the tip of the beam and set to the required angle for this position. 
They were then traversed very slowly towards the beam surface until 
readings were given on the distance dial of the vibration meter. The 
vibration amplitude was then adjusted to give a deflection for the 
largest amplitude which from a preliminary test was known to keep the 
amplitude range within the full scale deflection of the instrument.
The amplitudes of both probes were recorded and each amplitude trace
• 50a
was compared to that of the input signal and a positive sign was 
arbitrarily assigned to a particular phase agreement* The amplitudes 
were either in phase with the standard of 180 degrees out of phase for 
which they were denoted as negative*
The probes were moved at half inch intervals along the beam
and at each position the above procedure was repeated with the exception
that the input signal to the exciter gauge was kept constant* The
probes were repositioned at the tip of the beam and a second set of
readings obtained* Finally the beam was repositioned at the tip of the
beam to check amplitude drift over the second set of readings* This
procedure was repeated until two consecutive sets of readings were
obtained with constant tip amplitude* The average of these two sets of
readings were obtained and from these displacements in the principal
planes the motions in the yy and xx directions were calculated*
3*6 Accuracy of Measurements
The natural frequencies were measured by a RACAL Type SA 535 
digital counter whose accuracy is quoted as +1 count ± internal crystal 
stability*
The modal shapes of the rectangular cross-section beams up to
b/ ratio were measured by a travelling microscope with a repeata­
bility of reading of + 0*0001 in* The maximum percentage errors in the 
measurements of the tip deflections of 8:1 and less b/d ratio beams were 
of the order 0«5%* 1*5%» 1«5%> 2% and 4% for the first, second, third, 
fourth and fifth modes respectively*
The modal shapes of the 4:1 b/ ratio rectangular cross-
section beams were measured by Wayne Kerr capacitance probes with an
.51.
accuracy of readings quoted as + 2% F.s.d*
The aerofoil beams had an equivalent b/ ratio of 8*96:1 
and the mode shapes were measured by the travelling microscope* The 
accuracy of the measurements were therefore of the same order as for the 
8:1 b/ ratio rectangular cross-section beam.
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CHAPTER 4
4. THEORETICAL CONSIDERATIONS
4.1. Rectangular Cross-Section Beams
4.1el. Neglecting Shear and Rotary Inertia Effects
4.1.1.1. Transformation Method of Solution Of The Different-*
tial Equations Of Motion*
The theoretical analysis of the vibrational characterise 
tics of pre-twisted cantilever beams is best made by solution of the 
dynamic differential equations of motion of the beams. The solution 
of these equations yields the fundamental and overtone frequencies 
together with the mode shapes of vibration.
A method of solving the differential equations of 
motion is presented which requires firstly the transformation of these 
equations into a set of simultaneous linear first order differential 
equations. The set of solutions for these equations is then obtained 
by the Runge-Kutta (27) finite difference step-by-step integration 
process starting from the initial boundary values at the root. Such 
problems are referred to as marching or initial-value problems.
Since all the boundary values at the root are not 
known, solutions of the equations for ehosen arbitrary sets of initial 
boundary values are first obtained. The actual solution of the 
equations is a linear combination of these arbitrary solutions. The 
condition that the actual solutions must equal the known boundary 
values at the tip, for a cantilever beam, results in a set of horaogen-
.6 5,
eous equations. The vanishing of their determinant gives the natural 
frequencies of the beam. Once the natural frequencies are determine^ 
the mode shapes are obtained from the linear combination of the arbi­
trary solutions at various intervals along the beam.
For convenience of presentation the transformation of 
the equations of motion into a set of simultaneous linear differential 
equations is given for the general case of an aerofoil cross-section 
beam. This set of first order equations can be reduced to the set of 
equations for bending-bending vibrations of rectangular cross-section 
beams by letting r^ = r^ = 0 and considering the bending vibration 
equations only.
When a uniform asymmetrical cross-section cantilever 
bea® vibrates in a normal mode of vibration the differential equa­
tions of motion neglecting second order effects ,as derived in 
Appendix III,are:-
The following relationships regarding the properties of the 
cross-section, as derived in appendix I, are
2 2 \
K  , ~ a + 1v^ rCo9 a........ ........... ' WUOu AA
1y y  = ITJp o s 2  &  + xxxs in2  “  ........... ..............  (5)
I = (I - I )sin 20............. ....... . (6)xy yy XX
2
and assuming linear pre-twist a = a^z a«*.o«»oooo<,o (7)
L
Equations (l), (2) and (3) can be expressed as ten simul­
taneous first order equations as follows
Differentiation of equations (l) and (2) yields the following 
two equations:
,67.
Letting 3C
y2 = y
/
y3
X
/.
y4 *“ y
tt
y5 =
X
//
y6 = y
/*/
y7
X
///
00
>> y‘
y9
= e
/
M O
II e
(10)
(11)
(12)
(13)
(14)
(15)
(16)
(17)
(18) 
(19)
The following seven simple first order simultaneous equations are
obtained directly by manipulation of equations (10), (11), (12),
(13), (14), (15), (16), (17), (18) and (19), viz:
/
yl " y3
y2 " y4
y3 = y5
y4 “ y6
y5 = y 7 
y6 = y8
y9 = y10
(20)
(21)
(22)
(23)
(24)
(25)
(26)
and the following three more complex equations from equations (8), 
(9) and (3) respectively, namely:
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yg - 2
dz y8 + Jxxy8 +
+ 2 ^  ( **?)1 y7 + V 7  ‘ ? 2y2 "
Eg Eg
- A *  )_«■ 2 v xy/dz
(27)
r 2 f 4 r. dT f 1 ) y,- + 2 , d i 1 ) y~ + 1 y- +
, 2 yy/ 5 dz
yy I 7 yy 7
dz
m V
4 .  ( Ixy) I y6
dz
+ 2 d ( 1 )
>•* *4
T / 2 2 
yrt + I yn ~ wp v, = wr p y_ J 8 xy 8 J1 y 9
Eg Eg
(28)
and
c y10 =,Ic.f.p2y9 • Wrvp2yl + wrxp2y2 .........
g g g
Manipulation of equations (27) and (28) results in the 
following two equations, namely:
(29)
8 I - I I xy xx yy y6 /d2 (i )\l - I d2 { I \j— xx’) yy xy — xy/
_Vdz / dz
2 y J  I d ( I ) - I  d ll ) 
8 1 yy TT 3QC xy — “dz dz
+ y I d2 i I } - I d2 ( I 
yy— j ' xy' xy— - x y:
dz dz
+ 2 y I d (I ) - I d 4 I J
7 [ y y ^  xy * y ^ - T yri ' Iw wp2(y2 ~ rxyg)
Eg
+ I wp2 (y, + r yn} xy ^ V Ji y /gy
and 
/
y-
Eg
XJ12.
(30)
" I I - - X 2 ‘ = y. I d2 (I ) - I d2 I
-r
I \yy xx xy J6 xy—  x XX ' xx — - xy/
L * dz2 dz _
.69*
+ 2 yQ T I d / I 1 - 1  d ( I )^8} xy —  i xx' xx ^^ y7 - +  y E xy d2 / j ) - I d2 (i \ — 77* 1 / xx— -s. yy f
dz2 xy dz
+ 2 y. I d ( I 1 - 1  d ( I ) j - I wp2 (y - r y \ xy~— ' xy' xx -r- v yy ^ f xy V J 2 x 9 *dz dz
2
Eg
+ I wp | y. + r y. ] xx \. 1 y 97 (31)
Sg
Substitution of equations (4)* (5) and (6) in equations (30) 
(31) and (29) results in the following three equations:-
" y3 V x x  = y6 aL2 S V / 03 cos 201 cos2“ + sin2 2 a) - 2Irr XX
2L I-
2 2  2 + 1 ^  (sin 2a - 2 cos 2a sin a )
1 2 2 2 2I,,,,, sin 2a (cos a - i cos 2a ) - I sin 2a (fcos 2ft + sin a)
L 1
2 ! 2 2 2 2 + y_ a i I_„, sin 2a (cos 2a - 2 cos a ) + I sin 2at(cos 2a + 2siri a 
-2 j * f XX
+ 2y7“ L
2 2 2
I (cos 2a cos a + % sin 2 a ) - I I 
T£ yy xx
t2 /i . 2 ? !
+ XX * Sin 2a ~ cos 2a sin a ) j
- w 2 !£. ( lyy cos^a + sin2aj
Eg
f • V
y2 ! rX COSa " rY Slna - y9
Eg
v -yy xx ; yi + (rysina+ rYcosa j y9
U ' *
• • a o w (32 )
+ I
, 2 v2 sin 2a (cos 2a - 2 cos a )
XX + 2 V  L
2 2 o
I^y 2a - oin aco»2tt)
2 2 2 
+. (cos 2a cos a + i sin t 2a ) - lyyl-xxLXX
+ L lA
IyY^(2 cos 2a sin^a - sin^ 2a ) - I^.^(2cos 20£cos^ ot +
2
sxn 2a ) + 2 ^yy^XX
i
r
+ 2 y7aL
2 2 2 I sin 2a (sin a + 2 cos 2 a) + Ivv. sin 2a
yy A A
2
x cos 2a - cos a )
” ffl?  ( ^ yy ~ ^xx) s n^
2Eg V
y2 ~ ( ra?osa * 1,Ysina ) x9
2 / 2 2 \ |
+ ™£- ' IYYsin a +  -^ jof03 a ) 1 yl + (^.sin0t+ rYCOSa)y9
Eg \ / j ' '
(33)
and 
/ 2 ' \ 2 (  ^2””"^
y10 = "P j g + w | ^  costt -r^sin^y + w sin a + r^cos aj j y^
C9 L " ° ‘ ' " A
^ s i n a + rycosaj ya + w£^ ^r-,cosa - r^inaj yg ...... (34)
The original equations (l), (2) and (3) have thus been trans­
formed into ten simultaneous first order differential equations, namely, 
equations (20), (21), (22), (23), (24), (25), (26), (32), (33) and (34)
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which can be re-written in the following form:-
7
yl = y3)
/
y2 ss f 2 y4>
y3 “ f 3 y5
/
y4 a Sk y6>
t
y5
a
S V
/
y6 a f 6 y8)
/
y7
/
y8
— 7 z, yj^, y2 ’
a f 8 », yx . y2 ’
/
y9 a f 9 y 1 0 )
/
y io — 10 yx , y2*
(35)
(36)
(37)
(38)
(39)
(40)
(41)
(42)
(43)
(44)
For the special case of rectangular cross-section beams, let-
yting r =* rv « 0 and considering bending vibrations only equations (35)»
(36), (37) (38), (39)» (4o), ( 4 l ) , (42 ), (43) and (44) reduce to the 
following set of eight first order simultaneous linear differential equa­
tions of motion, namely:
yi - fi (V
" 2 -  f 2 (y4> 
y3 = t3 (y5)
^  -  f 4 (y6>
y5 - t (y7 )
(45)
(46)
(47)
(48)
(49)
where
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+ y5 a L
o o 2 i 2» 2
lmr (2 cos 2 a sin a - sin (2cos2acoc a +
YY
sin2 2 a ) + 2 Iyy
+ 2 v_ a _ J7 L
t 2 2 2 i
YY sin 2 a (sin a + 2 cos 2 a ) + 1 ^  sin 2r,a(2 cos 2 &
485cos a )
2 / \ 2 2 2 
“ 22E_- (Iyy- V  (sin 2 aV2+ ^ (Iyysin a + V COS a )ylEg ---   Eg
(54)
These eight equations may be conveniently re-written in the 
following notation*.
dy. a f.,(z, y1? y2, y , ....yQ) (i = 1,2,3, 8) (55)
dz
The associated known boundary condition for the cantilever beam
/ /
are that at z = O, x = y = x  = y  = 0
that is y.(0) = 0 1 (i a 1,2,3,4)
. , T //■ //.... trt;. / / /  . ^and at z = L, x - y = x a y  = 0
That is y^(L) = 0  (i = 5,6,7,8)
The method of solving equations(55) is:-.
(56)
(57)
(I) a value for the natural frequency p is assumed.
(II) the four known boundary values at the root are set to their res­
pective values and the remaining four unknown boundary values are 
assigned arbitrary values, namely:
V  ^  y6 = y7 = y8 = 0   (58)
Starting from those eight initial boundary conditions a set of 
solutions tor equations (55) are obtained by the Runge-Kutta step-by- 
step integration process. The resulting solutions at the tip may be 
expressed in the forra:-
y. (L) = E (i = 1,2,  8)  ...(63)
■1* ^ 1 3, ^
where the second subscript indicates the solution of the equations with 
the first set of initial boundary values.
The above procedure is repeated with the four known boundary 
values kept at their respective values but the four unknown boundary 
values set in turn to the following values:-
y5 " ° ’ y6 = l j  y7 = y8 = 0  (64)
y5 = y6 ~ °’ y7 = y8 = 0      ...   (65)
y5 - y6 = r7 * Of y8 = 1      (66)
tipThus four sets of solutions are obtained at the roet-y namely j-
y. (L) = E. (i = 1,2, .......8) (r«l,2,3,4)„..„(67)1 X  ^JT
The equations (55) are linear and the actual solutions are a linear 
combination of the fou£ sets of solutions.
Therefore y. (z) = } a y. (z) (i = 1,2,...8).............(68)l r x,r 77
r=l
The known boundary values for a cantilever beam at z = L are:-
yi (L) = o (i = 5,6,7,8)       ......(69)
4
and hence £ arEi,r = 0 (i = 5,6,7,8)  (70)
r=l
> r>
The condition that the equations (55) have a solution satisfying 
the boundary values of the problem is that the determinant of the 
coefficients of the homegeneous equation (70) vanishes, that is -
E.i,r
= 0 (i = 5,6,7,8) (r = 1,2,3,4,)   (71)
The value of the determinant given in equation (71) is plotted against 
trial values of frequency and the points of intersection of the curve on 
the frequency axis, for which the determinant value is zero, are the 
natural frequencies of vibration of the beam.
Once a particular natural frequency has been obtained the corres­
ponding deflection curves are determined by setting, say, equal 
to unity and solving three of the simultaneous equations given by the 
set of equations (70).
The deflection curves are then obtained by means of the appropriate 
equation contained in the set of equations (68). The deflections are 
obtained at half inch intervals along the length of the beam.
The method of solution has been programmed for both the Ferranti.
Mercury and Sirius computers and consists basically of three subroutines.
Th® first sets up the differential equations, the second sets up the initial 
boundary conditions and the third performs the Runge-Kutta integration process
In the actual programme two trial values are fed into the machine 
from which the next trial value is automatically obtained by extrapola­
tion. The machine proceeds automatically until two consecutive fre­
quency values are obtained which are within one c.p.s. of each other.
The determinant values together with frequency values are printed out 
at the end of the computation for all the frequency values„ The values 
of y^(z), (i = l,2}o.0.8) are also printed out for the last two fre­
quency values for positions at half inch intervals along the beam.
The programme could also be operated without the automatic 
extrapolation procedure. Thus for the rare cases where the final 
two frequencies within one cycle of each other were not sufficiently 
accurate a frequency inbetween the two could be obtained by operator 
control.
The accuracy of the method is dependent upon the size of 
step length and preliminary computations were made to obtain the 
optimum size. The natural frequencies and mode shapes were obtained 
with successively reducing step length until the change in results 
was of a small order. This was repeated for various modes and pre­
twist angles and it was found that a step length of L/60 was satis­
factory for all the modes of vibration and pre-twist angles.
This particular method of solving the equations of motion 
was applied to the beam problem because of it3 known stability. The 
inherent delicacy of the problem from the computational aspect had 
already been noted by Fettis in the paper by Deprima and Handelman (5)j 
and it was felt that this method could be extended to allow for linear 
taper, shear and rotary inertia effects and centrifugal tensile effects 
without any loss of stability. A matrix approach had been considered 
but had been rejected because it was thought that for more complex
o77.
problems involving taper, shear and rotary inertia effects and centri­
fugal tensile effects computational difficulties would be incurred,
/
This reasoning has been supported by the recent work of Rissone and 
Williams (28) in which a matrix method allowing for shear and rotary 
inertia effects for straight, beams gives higher natural frequencies 
than the solution of the equations neglecting shear and rotary inertia 
effects for certain cases. The accuracy of the matrix method there­
fore is epor. to doubt and the results could not be used with great 
confidence.
Other advantages of the presented method of solution are:-*
(I) Its accuracy is not directly dependent upon mode number 
which is the case for the Scodola method.
(il) It makes a very light demand on the computer store.
(ill) It solves directly the equations of motion of the system 
and does not involve lumped parameters.
The time taken for the determination of a natural frequency 
is of the order of 5 to 10 minutes on a Ferranti Mercury computer.
The equations are dependent upon the width to thickness 
ratio aftd this parameter is varied over the range 4:1 to ,l'6:l. The 
first five natural frequencies of beams with width to thickness ratios 
xn the range 4:1 to 16:1 and pre-twist angles in the range 0 to 90 
degrees are presented as dimensionless frequency ratios in Figures 4.1 
to 4.4.
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The frecwancy ratios ar« also proeonted in the form first 
suggested by Rosard (4) in Figure 4.5 which shows the correlation 
between frequency ratio and b/d ratio.
The deflection curves for these five natural frequencies are
shown in Figures4.6 to 4* 17 for a representative set of pre-twist angles*
4.1.1.2. Rayleigh Ritz Method of Solution
In the application of the Rayleigh method to the determination 
of natural frequencies of vibration of continuous dynamic systems, an 
approximate deflection curve is assumed since the exact dynamic shape is 
not tstjfcvlly known. This is equivalent to introducing into the system 
additional constraints thus reducing the number of degrees of freedom 
in effect to one. The additional constraints increase the rigidity 
and as a consequence the potential energy of the system. The frequency 
determined by the Rayleigh method is always therefore higher than the 
exact value. A better approximation to this frequency, which also yields 
higher modes, is the Ritz extension of Rayleigh’s method. In the Ritz 
method the displacement curve is taken as a series of functions, each 
containing variable r>arameters whose magnitudes are adjusted in such a 
way as to reduce to a minimum the natural frequencies of vibration.
Considering the beam to be vibrating in one of its normal 
modes of vibration the potential energy lr, sn shown in Appendix II, is 
by?-*
7 9 .
and the kinetic energy T is given by
iL
T = 1 
2g
/ o \ 2 o 2
w(x) + wy dz (73)
® 0 *•
Representing the deflection curves in the following way:
y = ysinpt 
x = xsinpt
(74)
(75)
the maximum potential energy V is given by 
''sL
V .  J EI ( d2y\ + 2EI / dfy \ xx — ^ xy |
\ dz / \ dz j
d2x\ + EI /d2x^
v)
dZ e o » o (7^)
/I
and the maximum kinetic energy T is given by:-
a 2
T = P_
2g
/*2w(x + y )dz (77)
0
Equating the maximum kinetic energy to the maximum potential energy 
in accordance with Rayleigh’s principle gives the following equation.:
P2 - 8 1 I EI / £ l \  \  2EI { EIXX
Ok. \ dz2)
xy yy
dz ? V dz
i i i t }
I dZ2 i _
dz o...(78)
0
<v2 A2 1,wx + wy jdz 
-4
that is p = gA 
B
f*Lr
where A =
(79)
ii 0
EI
xx
dz2 ,
+2EIxy d y 
dz2
d2x\+ EI I d2x\
7 ? )  17
2,
P
dz „»»(30)
and B = ✓A 2 A 2 \w(x + y )dz (81)
T£v© deflection curves are taken as a series- of functions in the form 
shown below:-
m
$ = ax .fjU) * V 2 (z) + a3 f3 (z) + — * amfm (z) = \ V n (z)..... (82)
n=l
m
x = b F (z) + b F (z) + b F (z) + ...+b F (z) = \  b F (z)..... (83)
1 1  2 2  3 3  m m n n
n=l
wfiere a,,a0 ****a 5 b_,b_ **.»b ; are unknown coefficients 
1 2 m 1 2 m
and f '(z), f (z) .. .f (z); F, (z), F (z) . . »F (z), are functions1 * 2  m 1 2 m
representing the normal modes of vibration in the yz and xz planes 
respectively.
Adjusting the unknown coefficients in such a manner as to 
make the frequency a minimum requires the following two equations to 
be satisfied*
= 0
^ &n K n = l , 2,,..am; *.. . o * (84)
&p2 = 0
*bn
The conditions result in two sets of equations as below:- 
g &A - p2 = Q ^
d  an b a n  t
7 n = 1,2, ...m;  ....... ••.*(83)
\ » 2 -v ig oA - p 0J3 = 0 I
C5b £ b
n n
The two sets of equations are homogeneous and linear in the coeffi­
cients a ,a o.0a j b.,b_ .*0b : and the number of equations is equal 
I 2 m l 2 m
to the total number of coefficients. Setting the determinant equal 
to zero results in a frequency equation from which the natural fre­
quencies are determined. The number of natural frequencies is equal 
to the total number of coefficients.
The accuracy of the Ritz method is dependent upon the choice 
of the series representing the dynamic deflection curves. Two approxi­
mating functions are considered, namely:
(i) the static deflection curves of pre-twisted beams and
(II) a series of characteristic functions representing the
normal modes of vibration of a straight uniform rectangular 
cross-section beam,
4.1,1,2,1, Static Deflection Curves As Approximating
Dynamic Displacement Functions
Approximating dynamic displacement functions that would be 
expected to give good values for the first two natural frequencies of 
vibration are the static displacements due to distributed loads in the 
direction of the yy and xx axes. The static displacement curves 
derived by Carnegie (10) for pre-twisted beams are therefore used as 
the approximating functions.
The Rayleigh Ritz method requires the assumed deflection 
curves to be expressed in the form:-
considering one term only in the series
(88)
and
(89)
The static deflection curves derived by Carnegie (lO)for y
and x are given by:-
= ~w
4ei i { /* Xxx yy[
*IYY+IXX*
2 2 L Z
L
f 2-J+
-L4 £ cos 2& + L3Z cos 2a - sin 2a L^Z^cos 2a + L3Z sin 2a
4a 2a 2 2 « 3 4a 2 2a 3L L L L L
4 q 4 4
+ 2 L_ cos 2«+ L Z 4- L - 3 L
® a L^ 2a 2 4a ^ ® a 4L L L
J
and
x — w ^yY~^xX^
4 EI I XX YY
4 3 4-L sin 2a + L Z sin 2a + L cos 2 a
2 2 *3
4a 2aT 2a
w JL L
(90)
2 2 L Z sin 2a
4oc
3 4L Z cos 2a + 3 L sin 2 a
2a _ 8 a 4L
+ L3Z - L3Z - L4
2a 4a - 
JL L
20C
(91)
These two expressions can be represented in terms of the tip deflec-
. 8 3 *
tions and a function of z as shown below:-
y “ yL } I^YY+IXX^
L2Z2 - 2LZ3 + z4 
2 6 12
- L cos 2 a 
4a 2
4 . 2„2+ L Z cos 2a t L _sin2a - L Z cos2a + L Z rtsin2a 
— o £a 3 T7T2 olT 32a 4 a 2 L
4 3 4 4+ 3_ L jfcos2a + L Zg + L _ /. — 3 L j
8 <x 2a * 4a 8 ft
° L L L L
and
(92)
A ' A 
X =5 X, -L4 o sin 2a + L3Z«sin 2a + L40 cos 2a - L^Z20sin 2a
4 a" 2a 2°^ 4 aTL L L L
-L3Z«cos 2a + 3_ L ;,sin 2a + L3Z — L3Z « — L
2^ 8 a 2« 4 2<VJL l l l l
0 0 9 0 0 0 0
that is y = yL ^(z)
and x = x F (z)L 1
(93)
(94)
(95)
A A .
Substitution of the above two expressions for y and x into 
equations (80) and (8l) and applying equations (85) the following 
two homogeneous equations are^obtained, namely:
L *
dz - p v/\
\ dz /
\0 *•K (z)J
_ 2
dz
PLA „  i" - 2  \  / 2 \+ xT g& \ I / d fj'Z'jfd Pj'Z \ dz = O
0 0 dz2 ’/L" , 2dz
6 0 0 0 0 0 0 0 0 * 0 0 0 c,(96)
84.
and
A ib I { d2f (z)\/d2F (z)\ *
V ) ! — V - )  1
xy. 
0 \ dz / \ dz*
g E
r>L / 2 v 2
I /d F (z).
yy I i 1 dz
dz
2- p w
2
F^Cz) J dz
O "
0 (97)
For a solution other than a trivial one the determinant of
the coefficients of x_ and y_ must be zero giving the followingL/ L
condition:
rf
g E
V
I ( d*f_(z)\/d2F_(z)\ dz g E xy f 1 J4* 1
0 dz2 / ,/ \ dz
2
U 0
I d f, (z) xx —  1
L dz
dz
rv
-
E I d2 F (z)
yy 2 1
L 0 _dz
dz
2- p w
g E
rb ,
C\
12 
f^(z)| dz
/ 2 \
I Id f.(z)L
xy i i x
2-p w
O
F1(z)
2
dz
; 0 - —
V  0 \ dz‘
/d2F,(z)\ ,
dz /
« 0....(98)
Substitution of the expressions for f^ (z) and ^(z) into the above 
equation followed by differentiation and expansion results in the 
following frequency equation:
2 f 2 2
P = (ec + db) ± x/(ec •+ db) - 4ed(bc - a )
2ed
(99)
where a = g EL k E  “ E [ I _  9 ' -2- U + -1. csin 40 L
10 2l4a_^ 32a 128aL L L

Equation (99) has been programmed for the Ferranti Sirius Computer and 
the first two natural frequencies obtained for sets of beams with 
width to thickness ratios in the range 4:1 to 16:1 and pre-twist 
angles from 0 to 90 degrees. The dimensionless frequency ratios 
p J  obtained by this method for the first two frequencies are shown in
y
Figures 4,1 to 4,4 and the natural frequencies determined by this method 
are compared to those obtained-t>y the transformation method-in Tables 
4ol,4»3,4o5 and 4,7 for a selected set of pre-twist"angles.
A similar method was used by Dunholter (29) who obtained the 
first two natural frequencies of a pre-twisted beam using the static 
deflection curves in the direction of the principal axes. The 
deflection curves were however expressed in terms of two constants 
a and b as follows:-
U S aJP 4" b Q  •ooooooeeooeo«oooooooooooe«oooooo( 100)
and V  == bP — uQ aaooacoaooooooeooooo*ooooooooooc>e( 101 )
where u and v are displacements in the direction of the principal axes
87*
and
Q = L4
“ l4
q n
sin a (L-Z) -* Ct ^ (L~Z)cosa ^(L—Z) + ^ (L-Z) sinOyz
L
L L L L2
1 a 3 (l-Z)2(2L + Z)cos a ss
*
(103)
Minimumisation of the energy expression as required by the 
Ritz method was performed considering a and b as variables. A , 
frequency equation was derived giving the following expression for the 
natural frequency.
n
2 __ „ 4
p“ = 21 
*L4
(l + r)d j (l-r) N^e2+4f2 I ........  (104)
where r = I /_ u/I v
d = 48 a (l + cos a ) - 96 sina + 8 a ^
Lt la JL la
e » 96 sina + 6(5-2 a 2)sin 2a - 38cx_cos 2a + 48a (l+cosa )-24a
L  JL Lt Lt Lt JL L  Li
f s 33 + 48cos a + 24aTsina - 3(5-2a 2)cos 2 a - 18a sin 2 at
L L L JL Lt Lt 4-/
q » 1,680 aL + 4200^ + 21 aL5 + llaL7 * (3*360 + 210aj/t)sin<* L 
+ (1,680 a_ - l4oa ^ + 77a ^)cosaL L L L
Dunholter only presented results for a beam of square 
section and one with a width to thickness ratio of four. Equation 
(104) has been solved for the range of width to thickness ratios and 
pre-twist angles used in the present work and the two natural fre-*
e880
quencies obtained are shown in dimensionless form in Figures 4.1 to 
4o4* The natural frequencies determined by this method are compared 
with those obtained by the transformation method in Tables 4olj4«3»^«5
and 4o7<*
4.1.1.2.2. Characteristic Functions of Straight Beams As 
Approximating Dynamic Displacement Functions.
The choice of the static displacement curves as approximating 
dynamic displacement curves limits the solution to the first two 
natural frequencies of vibration. To obtain more frequencies it 
requires the displacement curves to be taken as a series of functions 
giving the same number of frequencies as terms in the series. The 
accuracy of the natural frequencies is also dependent upon the number 
of terms in the series. Very accurate results can be obtained for the 
lower frequencies by using a sufficiently large number of terms in the 
series.
The exact dynamic displacement curves of the pre-twisted beam 
satisfies both the boundary conditions of the beam and the orthogonality 
relationship of normal modes. A good approximating series to the 
dynamic displacement curve would be one in which each terra satisfies 
both the boundary conditions of the beam and the orthogonality relation­
ship of normal modes of pre-twisted beams.
The boundary conditions for a pre-twisted cantilever beam
are: -
at z 5 0 , x = 0 , y = 0 , y = 0 , x s 0
,89.
and at z = L, M = M = F = F = 0 7 x y x y
it il tit i/i 
that i s x = y = x = y = 0
The orthogonality relationship of normal modes neglecting 
shear and rotary inertia effects as derived in Chapter 4 is given by:-
o L_
w y y + wx x 
n m n m
dz = 0 for m /n ...... . ....... .... (105)
It was considered that good choices of dynamic deflection 
curves would be series consisting of the characteristic functions 
representing the modes of vibration of straight beams. These functions 
satisfy both the boundary conditions of the beam and also the orthogon­
ality relationship of normal modes. The natural frequencies and mode 
shapes determined by the method would therefore be expected to be close 
to the exact values.
The deflection curves are taken in the following form: 
m
y = a f (z) • ........ a e ..... o . o .... a ........ (l06)* n n
• A
x = / b f (z)  ....    (107)n nand
where f (z) = cosh & z - coo 8 a -  a  (a&nh B z  ■» oin B z) 5>*>«,*»<*(108) n f n n
Tables of characteristic functions and their derivatives 
representing the normal modes of vibration of straight beams have been 
calculated by Young and Felgar (30) up to the fifth mode. These calcu­
lations have been extended up to the ninth mode and the values a andn
.90*
p^Lax-e given in Table 4*9 »
Substitution of the expressions for y and x into the expressions
A and B given by equations (80) and (8l) followed by application of
equations (85) results in matrix equation (109) given 02s tfee following 
page*
The matrix equation (109) may be expressed in the following
notation:
p2Ax = Bx ....... o o ........ . .....  ........•.........(110)
p2x = A *Bx . ......... o ....... . . o .. ................ .(ill)
where A and B are square matrices and x is a column vector*
The elements of the matrices have been programmed for the 
Ferranti Sirius computer and the matrices A and B obtained. Equation 
(llO) is solved yielding the latent roots and vectors for the first 
five modes of vibration.
The number of terms taken in the deflection series deter­
mines the accuracy of the solutions. The number was progressively 
increased until the change in the values of the first five natural 
frequencies was of a small order. It was found that taking nine 
terms in each series gave the first five frequencies to within 0.8% 
of the results obtained by the transformation method for all the 
results except the 16:1 b ^  ratio beam for which the maximum difference 
was of the order of 1.9%. The effect of variation in the number of 
terms upon the natural frequency is shown in Figure 4.18 and Figure 
4.19 for an 8:1 ratio beam with pre-twist angle 0 and 90 degrees 
respectively.
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and where
0
f (z)f (z) dz «= l f°r r = s r s
t= 0 for r ^ s
A = gEj I f (z) f (z) dz 
rs i xx r s
t-o
and
D
rs gEj1 I f (z)f ^ (z) dz yy r s
J 0
C = gl 
rs I f^(z) f^(z) dz xy r s
0
.•(109)
The natural frequencies determined by the Ritz method are 
given together with the results obtained by the transformation 
method of solution of the equations of motion in Tables 4©1 to 4p8»
The mode shapes obtained by the Ritz method are shown superimposed 
on the shapes obtained by the transformation method of solution in 
Figures 4.6 to 4.17-
4.1.2. Shear and Rotary Inertia Effects Included
4.1.2.1. Rayleigh Ritz Method Of Solution
4.1.2.1.1. Straight Rectangular Cross-Section Beams
The Classical one dimensional Bernoulli-Euler theory for 
lateral vibration of beams is known to give higher frequency values 
than those determined by experiment. An improvement upon the 
Classical theory for straight beams was first obtained by Rayleigh (ll) 
who made allowance for the effect of rotary inertia upon the natural 
frequencies. The work was extended by Timoshenko (12) (13) who also 
allowed for the effect of shear deformation. The resulting equations 
©re known as the Timoshenko beam equations.
Solution of these equations for a cantilever beam have been 
given by Sutherland and Goodman (l6) and also by Huang (20).
In the present work the natural frequencies of cantilever 
beams of uniform rectangular cross-section are determined by the Ritz 
method. The characteristic functions of a straight uniform cross- 
section beam in pure flexure are used as the approximating functions 
for both the deflection due to bending and due to shear.
The total deflection of the beam when vibrating in one of 
its normal modes can be expressed as:-
y = ysinpt . ..». », „   ».........  .•••••*(112)
A /\ ^ .
where y = y, + y and y, and y are the deflections due to bending and J b s b s
shear alone.
A
The maximum potential energy V, deduced from equation (A98)
of Appendix V, is:-
iL
/\
V 5 I
V 0
. _ # a ,2 /.2 a \2AG /dy \ + EI / d v,-7" sl xx j J b I
-k r a  U 77J
dz (113)
and the maximum kinetic energy T, deduced from equation (A.92) of 
Appendix V, is given by:-
a 2
T = 2 I
2g
a L
*"*' a 2 / a \ 2 ^
v  + W dybi
\dz I
dz (114)
(JO
Equating the maximum kinetic energy to the maximum potential 
energy in accordance with Rayleigh's principle gives the following
x. 2expression for p *
that is p = g
o L
o
/ A v 2 2 A
+ E W d y b
dz dz / .
dz
0
dz
(115)
That is p = g A 
B
(116)
Where A =
and B «
2 ? - / * % / 2a ‘ ^AG/dy \ + EI /ay.— I J °' xxl b
idz2
d z ............  (117)
2 *rA2 .Awy + I O/dy 
xx f! b
\dz j J
dz •   <>c(ll8)
The deflection curves are taken as a series of functions in 
the form shown below:-
m
y a a f (z) + a f (z) + a f (z) + a f (z) = / a f (z)....(ll9)
b 1 1 2 2  3 3  m m A ^ n n
r^ -
and y = b,F (z) + b0F (z) + b F (z) + b F (z) =/ b F (z),,.(l20) ^s 1 1 2 2  3 3  ram w n n
where a,,a„ •••••••a : b,,b„.•,,••.b ; are undetermined coefficients1* 2 m ’ l1 2 nr
and f,(z). f„(z) ,M f (z), F_(z), F (z).,..F (z) are series of dis- 
1 2  m 1 2 m
placement functions representing the dynamic displacements due to 
bending and shear respectively.
The characteristic functions representing the disx^lacement 
functions in bending of a vibrating straight cantilever beam are 
taken as the approximating functions for both bending and shear 
displacements.
Hence F (z) = f (z)= cosh B z-cos B z-ci (sinh fi z-sin 8 z ) (121) n n in i n n  i n  fn
The values of a' and B  Lfor values of n from 1 to 9 are n / n
given in Table 4a9°
The boundary conditions including shear and rotary inertia 
effects are:-
.95.
a t  Z  a  o ,  Y  a  y  ' s  o  
D
at z = L, M = F = 0 ..........a....... «(122)
y y
// f- t
that is yb = 0 and y - = 0
The chosen functions only partially satisfy the boundary conditions. 
The requirement that the shear force at the free end is zero is not 
fulfilled.
The orthogonality relationship of normal modes including 
shear and rotary inertia effects as derived in Chapter 4 is:-
W ynym + \  \  | dZ = ° ................. . (123)
0 o ~  n mJ
This condition is also only partially satisfied with the chosen dis­
placement functions since
iL
i  p / ,  az 4  o   ............................. (124)xxy 2b 2b
c1 0 n m
Substitution of the series for yfo and y^ into the expressions for A 
B given by Equations (117) and (ll8) followed by application of 
Equations (85)> namely:
2 \9 # A - p 6 B = 0
h a h a. n . n
g jh A - p2 b B =s 0
<^ b <r)bn n
results in matrix equation (125) given on the following page.
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The matrix equation (125) may be expressed in the form:-
2 —1
p x = A B x  ......(126) where A and B are square matrices and x is a
column vector.
The elements of the matrices were computed on the Ferranti 
*'Sirius computer and equation (126) solved yielding the latent roots 
and vectors for the first five natural frequencies.
The number of terms taken in the deflection series determines 
the accuracy of the solution. The number of terms is progressively 
increased until changes in the values of the first five natural fre­
quencies are of a small order. The effect of variation in the number 
of terms upon the first five natural frequencies, for the numerical 
example given by Huang (20),is shown in Figure 4.20.
The first five natural frequencies obtained by this method 
for the range of parameters and stress factor as used by Sutherland 
and Goodman (l6) are shown superimposed on their results in Figure 
4.21. The effect upon natural frequencies allowing for rotary inertia 
alone is shown in Figure 4.22 for the first five modes of vibration.
4.1.2.1.2. Pre-twisted Rectangular Cross-Section Beams
Direct solution of the differential equations of motion of 
the beam allowing for shear and rotary inertia effects is not attempted 
in the present work. The Rayleigh Ritz method of solution developed 
for straight beams has been extended to allow for pre-twist.
The deflection curves in the xz and yz planes are each 
considered to consist of two components, one due to flexure alone and 
the other due to shear deformation alone. Each one of these components
is represented by a series of the characteristic functions representing 
th© bending deflection of a vibrating uniform cross-section straight 
beam*
The total deflection curves of the beam when vibrating in a 
normal mode of vibration can be expressed as:-
000.00......... .....  0 0 0 0 .(127)
      0 . 0 0 0  (128)
  ....... 0 0 . 0 0 0 0 ----  0 .(129)
     0.(130)
/\
and
where
and
y = y sin pt
A  .  .x = x s m  pt
A A  *
y = y^ + y J b s
A A  A
X  5= X^  + x^
/\ /\where y^ and x^ are the amplitudes due to bending deflection alone and 
and x are the amplitudes due to shear deformation alone.
S  3
A
The maximum potential energy V as deduced from Equation (A.98) 
of Appendix V is: - 
r%L
V a * AG/dy \ + AG /dx \ + 2 El
k •f_s
idz
3\dz dz t
2A \ __ / 2 A \ 2d x, + El I d
bj yy _
2dz /
+ El / d2y, ,xx I  ' b
€
d.z
A
(131)
and the maximum kinetic energy T, deduced from Equation (A.92) of 
Appendix V, is:-
Equating the maximum kinetic energy to the maximum potential energy in
accordance with Rayleigh’s principle gives the following expression for
p , that is
2
p = g
AG/dy \2+ AG/dx \2+2EI /d2y \/d2&\
V dz
+ El / d2x \ +EI /d2y,^  yy/ b | xx/
dz2 y kdz
dz
0
a2 a 2 _ . A  \ 2 _ / . A  n2 y . (133)
\dz j ,dz \dz/ldz /
dz
that is p = g A. »  .... • a.......
B  '
2 . 2  n _ j
where A = AG /dy^ + AG ^dx ^  + 2EI_^^d y^ /d: + EI^/d x^ |
(134)
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L k W k dz
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(135)
+ 2IXy ? r a f . dxb n d z
(136)
A , , A
1 .
d^z /\ dz
The deflection curves are taken as a series of functions in the form 
shown below:- m
where a_ a„...a : b, b -.b : c_c„..c : d,d_...d , . .1 2  ra 1 2 m 1 2 m7 1 2 m; are undetermined
coefficients and f,(z). f_(z) . ..f (z): F,(z), F_(z)...F (z); j^ .(z),1 2 m 1 2  m l
/„(z).../ (z): /, (z). (z): are series of displacement func-
2 m 1 2 ra
tions due to bending and shear in the yz and xz planes respectively.
The characteristic functions representing the displacement
functions in bending of a vibrating straight beam are taken as the
approximating functions for both bending and shear displacements.
Hence f (z) == F (z) = / (z) = 3/ (z) = cosh & z-cos £ z-a (sinh j6 z-n n n n I n  r n n  fn
sin^^z) ....... ............ .......(l4l)
The values of Ot^  a n d f o r  values of n from 1 to 9 are given in Table 4„9«
The boundary conditions of the beam including shear and rotary inertia
effects are
/ /
at z s 0, x = y = y = x = 0b o
and at z = L M = M = F = F = 0 ....(142)x y x y
// // / / . f ,that is at z = L. y, c x, = 0  and y - = 0 , x - p. = 0
b b 2b xb
The chosen functions satisfy the boundary conditions except that the 
two shearing forces at the free end are not zero. However, since all 
the remaining conditions are fulfilled it would be expected that the 
derived riaiiirai frequencies would bei cldSe approximations to the exact 
results.
101,
The orthogonality relationship for normal modes including 
<&sr..r and rotary inertia as derived in Chapter 4 is given by the 
expression:- 
L
0
wy y + wx x + I a  /_ jzT + I + I p j£.•'n m n ra yy\ 1, 1. xx \ 2^ 2^ xy\ 1 . 1_  ^ b b v b b  ' bn m n m
o
Jb n m
+ I Pxy \ 2  ^ 1b b n n -
ds = 0 (143)
This condition is only partly satisfied showing that the chcsen curves 
are not the best possible approximating functions. The accuracy of 
the results can still however be of high order.
^ yy
Substitution of the expressions for y , x , y and x^ intoD O S  S
the expressions for A and B given by equations (135) and (136) followed 
by application of equations (85) of Chapter 4 results in matrix equa­
tion (l44) given on the following two pages.where
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The matrix equation (l44) may be expressed in the form
p2x = A 1 B x .................. „........ . (145)
where A and B are square matrices x is a column vector®
The elements of the matrices A and B have been programmed 
for the Mercury Sirius computer and the matrices A and B obtained. 
Equation (145) is solved yielding the latent roots and vectors for the 
first five natural frequencies.
The accuracy of the Ritz method is limited by the number of
terms taken in the displacement series. The storage capacity of the
machine limited the number of frequencies which could be accurately
determined since the maximum matrices possible were of order
This limited the number of terms in each series to nine. Frequencies
for the first five modes are determined using five, seven, eight and
nine terms respectively and the effect upon the frequencies of the
number of terms in the series is shown in Figure 4.23for the 8:1 b
d
ratio beam with 90° pre-twist.
The effect of shear and rotary inertia is dependent upon the
width to thickness ratio and the length of the beam.
The natural frequency ratios are presented, for 8:1 and 4:1 
b/^ ratio beams of length six inches and pre-twist angle in the range
0 to 90 degrees, in Figure 4.24 and Figure 4.25 respectively.
The theoretical effect of shear and rotary inertia upon the 
mode shapes of vibration of a six inch long 8:1 b^  ratio beam with 
90 degrees pre-twist is shown in Figure 4.26. The third, fourth and 
fifth modes only are presented since the effect upon the first and 
second modes is negligible.
4.1.3- The Orthogonality Relationship of Normal Modes Of 
Rectangular Cross-section Beams Including Shear 
And Rotary Inertia Effects
The application of the Ritz method for determining the 
natural frequencies and modes of vibration of a beam requires an 
assumed deflection curve in the form of a series. If a series repre- 
senting the exact dynamic displacement curve was used the resulting 
frequencies and mode shapes would be exact. The series would satisfy 
the orthogonality relationship of normal modes and the boundary condi­
tions of the beam. A good approximating function would be one that 
satisfies the orthogonality relationship as well as the boundary 
conditions of the beam. To test this criterion the orthogonality 
relationship has been derived for pre-twisted rectangular cross-section 
beams including the effect of shear and rotary inertia.
The condition of orthogonality of normal modes for straight 
beams in simple bending has been determined by Timoshenko (31) and 
Jones (32). Timoshenko applied Rayleigh’s (ll) method which involves 
manipulation of the differential equations of motion of the beam.
Jones applied a virtual work method which is far shorter than Rayleigh’s
method- White (33) derived the condition of orthogonality for non- 
uniform pre-twisted beams in bending-bending vibration by use of Green’s 
function but neglected shear and rotary inertia effects. Slyper (8) 
obtained the same results as White for pre-twisted rectangular cross- 
section beams using Maxwell’s reciprocal theorem. Hermann (34) applied 
Rayleigh’s method to determine the orthogonality condition for a 
straight beam of rectangular cross-section including shear and rotary 
inertia effects.
In this work the condition of orthogonality is derived for 
pre-twisted rectangular beams including shear and rotary inertia effects. 
The condition is determined both by application of Rayleigh's method to 
the differential equations of motion of the beam and by an extension of 
Jones’ method of virtual work.
4.1.3.1. Derivation of Orthogonality Condition by Rayleigh’s
Method
The differential equations of motion as derived in Appendix
VI are:-
d
dz
d
dz
AG (x - $ )
k b
= -wp2x ............ ................ ..(146)
g
AG(y - / ) j = -wp2y................... ........ ....... (l47)
k 2b J g
T - i  E Iy / l +EIx / i  1 + I T *  '  V =_Iy y ? p\ ‘dz l b- b ^ h
d
dz
El /  +EI J>{ 
xx 2, xy 1.b b
k Ab xb x %  ....(148)
g g
+ AG(y-/ ) - 1 up2/ - I p p V  
k b xxr %  ' xb ....(149)
g g
The boundary conditions for a cantilever beam measuring
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the co-ordinate z from the root are:- 
at z = O, x = y = ^  = / 2 = 0
and b b  (150)
at z = L, M = M = F = F = 0 7 x y x y
The equations (146), (147)? (148) and (149), together with the boundary
conditions as specified in equation (150) are satisfied for an infinite
set of discrete frequencies p^, each of which corresponds to a mode
shape given by functions y . x , jzT andn n 1, 2,b bn n
The stress displacement relationships for the beam are:-
M = El £ + El \
x yy 1 xy 2.
bn bn
M = El k + El /
V  XX; 2 X V  1 ■
/ ^     ....(151)
F = AG(x - jzT ) fx 7—  1,
k b n
F* /  j
y = AG(y - jz( ) /
k \  /
and using equations (151) the differential equations of motion can be 
written as:
^ 2F =«w p (x) , ^
x n n 0 ..... 0 0... 0 0    .....(I52)
9
t 2
Fy * Pn (y)n  ...............  (153)
g
M + F = -I 0  pV, - I & P V o  
X X yyf n V  ^  “ V ....................   o • * (154)
g g
• 108o
M + F =
y y (155)
g
The condition of orthogonality is derived from equations
(152), (153)? (154) and (l55)o Considering the n^*1 mode and multi­
plying equations (152), (153)» (15^) and (155) by x . y , 0^  andm m 1, 
b
m
j^0 respectively, and integrating over the length of the beam the 
bm
following equations are derived
-P
t
b  0 v Ht —
wx x dz a \ F x dz = F xn m { x m x mn n
0 V 0
L ^  d x zF ra 
x
n
0 * 0
Lr) ' 1  f
- p j wy y dz = ) F y dz = 
n I n m j y m
g ! i
n
L
0 0
Jj
F y -
yM rnn
0 w
F y dz 
y m n
(156)
(157)
O
- I  CPyy l n
,-,L
f f
\  \  dZ ' V ?  pnb b — *— ——
n ra g
* K  * K  d!b b 
n ra
0
(M + F )0 dz = 
x x 1, 
n n b
d 0 m
L 0 /
M 0 j I (M -F 0' ) dz
X  1. - 1 X  1, X 1,n b ] i n b n b 
m ~ 0 c' 0
(158)
L
“ 1 C P  xx ^ * n 0 0 dz - I O P  2 I 0i 0n2, 2, xy v n ! 1. 2
U 0
b b 
n ra
dz
s 0  0
i b b 
n m
: I (M + F )0n dz a
I y y 2 ^ n n b 
d O  m
M 0n
y 2tn bm
L nh
| (M 0O - F 0 )dz...c(l59)
y„ 2^ y_ 2
o J 0 yn-b 'n -b
A similar set of equations can be derived for the m mode» Adding
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i>v>go+box *bo oquations of each set and subtracting the first set from 
the second set the following relationship is obtained® 
a L
9
wy y + wx n m x + I p 0 0 + I 0  0 0n m yy^ xx\f ^  ^
n m n m
+ I a(0i 0_ + 0n 0i \ 
'sy VV b 2b 2b *b j\ n m n m/
dz
F x x n m
F xx m n
0 0
F y
y nm
40
_L
M
X  1 v.n bml
M 0n
y J Xm bn 0
F y +
yM ra j
• n Jo
M 0n
y 2v,n b
M 0 x 1,m b
m
n J 0
0
U
f (y - ) - f (/ - rf )
ra 2b n yn 2b m
dz
0
0
' , 1F (x - $ ) - F (x - jzf ) ! dzx 1, n x 1, mm b n b J
0
/ /
M 0i - M 0i x 1, x 1m b  n bn ciJ
• -  /
dz -
v 0
Mv 9k - M Cfe
m b n on m
dz •e•o(l6o)
The integrated terms are zero because of the initial boundary conditions 
and the integrands are also zero from relations given in Equation (151)9
The condition of orthogonality of normal modes of pre-twisted 
beams in coupled bending-bending-vibraiion, including shear and rotary
.110,
inertia effects is therefore 
pL
C 0
wy y + wx x + 1  + 1  G $ nn ra n m yyv 1. xx v 2, 2,b b b bn m n m
b b n m b b n m
dz == 0 (161)
4.1.3-2. Derivation of Orthogonality Condition By Virtual
Work Method
The condition of orthogonality for pre-twisted beams includ­
ing shear and rotary inertia effects is now obtained using an alterna­
tive virtual work approach.
For a conservative linear system executing free vibrations in 
one of its principal modes, the maximum inertia forces which may be 
called a natural force system are in equilibrium with the elastic 
forces resulting from the maximum deflections. Starting from this 
point Jones (32) derived the condition of orthogonality for a beam in 
simple uncoupled bending by using Betti’s theorem. He stated that the 
orthogonality condition could be expressed in an invariant form as 
follows
The work done by a natural force system in the displacement 
of any other principal mode is zero.
The condition of orthogonality is now obtained for pre- 
twisted beams including shear and rotary inertia effects by use of 
the above theorem.
The maximum inertia forces and torques of an element of 
length 6z in the beam when vibrating in a mode n, as deduced from 
Equations (A76), (A77)? (A78) and(A 79) of Appendix IV, are as fellows:
2
Inertia force of translation in yfz plane is w p y 6z
g n 
2
Inertia force of translation in x,z plane is w p x 6zf A —  -^ n ti
g
Rotary inertia torque in the y z plane is:-
2 ^  2 
p I p dz , tn xxX 2, + p I 0 0, fcz' b n xy V 1,n ' b■—  n
Rotary inertia torque in the x t z plane is:-
p 2I p 0 bz + p 2I ft 0 6z An yy \ ^lfe An xy\ ^2b
n n
g g
The corresponding deflections and rotations in mode m are
O  0O and 0 om m 2, 1,b bm m
The toal work done is the sum of the product of the inertia
forces and torques in mode n and the corresponding deflections and
rotations in mode m, viz: 
x=L 2 -
P wy y + W3C x + I 0 0 0n + I P 0  0
n m n m xx\ 2fo 2fe yy^ lb lb
x=0 g n m n
b b b b _ n m n m
The total work done by a natural force system in the dis-
placements of any other principal mode is zero, hence replacing the 
summation sign by the integral sign and equating the work done to 
zero gives the following orthogonality condition:
/“N L
Xj
wy y + wx x + I p 0 0 + I n 0 0 + I Q  (0 0n m n m xx\ 2, 2, yyt 1, 1, xy \ 1 2,_ b b  ' b b  b b0 n m n m n m
dz = 0  ....................c.(l62)
Special Cases Derived From the General Expression
Ignoring the rotary inertia terms and considering bending- 
bending vibration only, Equation (162) reduces to
(wy y + wx x ) dz = 0............. ..... ......... (163 )n m n m
O
which^is the orthogonality condition derived by White (33)•
Considering a straight rectangular section beam and includ­
ing shear and rotary inertia terms equation (162) reduces to
pL
(Mynym + 4*P*SL \  ) dz " 0 ........*.........-..(164)
J  O  b „  m
which corresponds to the orthogonality property derived by Herrmann(34)
4.2. Aerofoil Cross-Section Beams (neglecting Shear and
Rotary Inertia Effects)
4.2.1. Straight Asymmetrical Beams
4.2.1.1. Analytical Solution of The Differential Equations of 
Motion
As stated previously a theoretical analysis of the vibrational
characteristics of beams is best obtained by solution of the differential
equations of motion* The nature of the equations for straight qerofoil 
cross-section beams is such that an analytical solution is practicable.
The differential equations of motion for a uniform, asymmetri­
cal cross-section cantilever beam vibrating in a normal mode of vibration, 
as derived in Appendix III, are:-
EIxx^-f “ yp2y = "wrxp2@ ............. .............. (165)
dz 9 g
EI„„rd^x - wp2x a wr„p2©  .............. 166)x x 1 ' 1 " ' 1
dz 9 g
and £d20 -f I p20 = -wr p2x + wr p2y ......... (167)
C o l p  3l -*v.
dz g g 9
Equations (165)* (166) and (167) represent an eigenvalue problem and
have a set of values of p (the eigenvalues or characteristic numbers)
which satisfy the equations and the given set of boundary conditions.
Hie three equations are reduced to an ordinary differential 
equation of tenth order in x by a procedure analogous to the solution 
of ordinary simultaneous equations.
The resulting differential equation for x is:-
_2 2 _ X _2 _ _ _ 2 VIII „  , T v 2 VI
9 XX YY^ + 9 XX YY c.f.P X “ 9 XX+ YY P X +
2 2 wr
«ll4<
6 6 6
~ "P rY - "P rX
SrxrY 0rX SrY
where the primes of* x denote successive differentiation with respect to
25 o
Xz
Taking a solution of the exponential form x = Ae and
substituting in equation (l68) yields the following equation in terms
of A2 „
B?82cl« IYY( ^  + ( ^ )4 - w E9CP2 (IXX+ XYY)( X )3
+ j -wEICiifo(I xx+ ^ y ) + w2eiXxi"y2+ w2EIYYrX2 j p4( A2 )2+w2Cp4( A2) +
2t 6 3 6 2 3 6 2 ^  w I p - w p r v ~ w p r Y = 0 ... .......... .,o.ooUb9j
Colo X A
g g g
Letting the roots of the equation (169) be ± X^, i ^ 3* £ ^ 4
and + \_ gives a general solution of the form:-
x = Asinh A z + B cosh \ z + C sinh X z + D cosh X z + E sin X
1  J. u  A  J
+ Fcos A z + G sin A. z + H cos /\,z + I sin A_z + J cos X r-z *0 °(170)
3 4 4 5 5
The boundary conditions for a cantilever beam are
 .... ......(171)
Manipulation of equations (165)* (166) and (167) yield the
at z = O 11 11 © = II
OII
X
H
and at
//
z = L, y ~ n II
/// / 
x = © = 0
oX!5c
following equations at the boundaries:
eiyyx
IV o 0(172)
(173)
at z = 0
and at z = L
^ __ VIII 2 IV _ _T 
CgSiyYx - wp cx + „ yy
V 2T
S YYX *" v;P x “ 0 
_ _T IX _ 2V _ 2 VII
YY^ ~ ^  X + c.foP YY*
2VI 
- C Ic f yP x = 0
= 0
(176)
(175)
(177)
where primes denote successive differentiation with respect to z.
Substitution of equation (170) in equations (172), (173), (174), (175)» 
(176), (177), and the appropriate boundary conditions of equation
(171) yields the following ten equations in terms of the ten constants 
of integration and A , namely:
B + D + F + H +  J = 0 ...............................-(178)
AjA + + + A^G + A*! = 0 o • o o o o o o o o o . o o • o o o o o . o o o o « » o (179)
AjSinh A^ L + B cosh A]L + C sinh A^L + D Ag003*1 A^L
X sin A L - F A cos A L - G sin A L - H cos A L - I / 
3 2 i 3 3 4 4 4 4
- J A  cos A L a 0 
5  5
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A A-jCosh A L + B A_sinh A L •+• C A  cosh X_L + D A sinh A_L ~ E A  cos A  L 
i 1 X X  2 2 2 2 3 3
+ F A^sin X L - G A^cos A L + H A^sin A L - I A^cos \ L +J X^
3 3 4 4  4 4  5 5 5
sin A  L = 0    . a O . o • o . o o o • a a o . a o a o « .......................... (l84)
5
AN,sinh \_L + BN,cosh \,L + CN.sinh \_L + DN_cosh \_L +1 1 1  1 2 2 2 2
EM sin XjL + FM„cos A „L + GM. sin X.L + HM. cos X.L + IM_sin \ JL
3 3 3 3 4 4 4 4 5 ?
+ JM^cos A = 0      (185)
^K^cosh A jL + BK^sinh X-jL + CK^cosh A^L + EK^sinh Agk +
EK cos A 0L - FK sin X^L + GK, cos X/,L - HK, sin A/,L + IK^cos XjL
—  3 3 T 3  3r -t 4  * -r-4 * ~  5 T
A3 \ a 3 \  A  ^ >5
-  JK sin A - L  = 0 o o a o e o a o a ..............     ...(lB6)
\ 5
\A 5 6 , cosh XjL + BAjN^sinh XjL + C XgN^cosh XgL + D X^NgSinh Xj L
+ eA^I^cos \jL - F X ^ ^ s i n  X^L + G A^M^cos X^L - H X^M^sin X  +
I X ^ c o s  \^L - J AfJ^sin ss 0 «•»......... ........ ....... (l8?)
where:-
K. =
X
.6 2 \ 2 
gEIYY A ' ^  X
i i
L. =
X
CgEIyY A ?  + Ic_f
^ \8N. =
X
CgEI^ A. + ICof
V 8
M. =
X
CgEI A. - I  ^y YY i c.f
(188)
p yy ''i
!-i .
i!
p2EI Xf - wp2C M  ......   (190)
> X X  X X I
p 2e i  \ &. - wp2c 
, YY x x (191)
For a non-trivial solution the determinant of the coefficients in the 
above ten homogeneous equations must equal zero. This results in 
Equation (192) given on the following page«
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0 1 o X 0 1 0 1
X1 0 X2 0 s 0 H 0
0
Xx4 0
x 4
a .
0 X ^ 
3
0 H 4
0
K1 0 K2 0 -K3
0
-K4
Lx 0 L2 0 -L3
0 -L4 0
Xx \
2
X B 1 1 hX
2
XV
2
-SS
2
- S D3 V C4 -x4
3
b x
3
\ Ai
3
X2 B2 *iX 3 3 SS -*4D,* X4
NiAi NiBi N2A2 N2B2 M3C3 M3D3 M4C4
KxBi KiAi K2B2 K3°3
K3
K4D4
xi Xx X2 S X3 V \
EiBi Vi E2B2 E2A2 F3D3 -F C 3 3 F4D4 -F4'
where A. a sinh X.L i 1
B. ts cosh X.L
X X
C. = sin X.L x x
D. = cos X.L
X X
E. a X.N.
X X X
F. a X.M.
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The method of solution is as follows:
A value is assumed for the natural frequency p and the 
quintic equation (169) is solved yielding the values of the parameter 
A • The determinant is evaluated and a graph plotted of determinant 
value against assumed frequency. The points where the curve cuts the 
frequency axis yields the natural frequencies of vibration of the 
beam. The solution is long and laborious and necessitates the use of 
a digital computer.
The solution has been programmed for a Ferranti Mercury
Computer and the natural frequencies determined for the first five
modes of vibration of an aerofoil beam for a limited range of rv andA
ry values,
The cross-section of the aerofoil beam is shown in Figure
• 4 4
4.27 for which 1^. = 0.000084 in , , Iyy =? 0.00671 in , length h = 6in,
6 2chord s 1.100 in, modulus’E ^ 31 x*10 Ibf/in , density ~ 0*284 lb/
3 2in and area A = 0.0914 in . The values of r„ and r__ as determinedA I
experimentally by Carnegie are 0.0076 in and 0.047 in respectively.
Representative graphs of determinant value against frequency, 
for various values of rY and rv, are shown for the third and fourth•A. JL
modes in Figure 4.28 and Figure 4.29 respectively. The natural fre­
quencies for the first five modes of vibration are given in Table 4.10 
for r^ = 0 and r^ = 0, and in Table 4.31 for the range of and r^ .
values considered in the thesis.
4.2.2. Pre-Twisted Beams
«119 ©
4„2o2olo Transformation Method of Solution of The Differential
Equations of Motion 
The analytical solution of the differential equations of 
motion is not practicable when pre-twist is included in the equations., 
In the present work the equations of motion of pre-twisted aerofoil 
cross-section beams are solved by an extension of the transformation 
method used for the solution of the equations of motion of rectangular 
cross-section beams* The method of solution has already been partial­
ly described in Chapter 4, Section 4,1*1.1* It was shown that for the 
most general case of an aerofoil cross-section beam the three initial 
equations of motion, two of which are of fourth order and one of second 
order, could be reduced to ten simultaneous equations as given by 
equations (20) to (26) and equations (32), (33) and (34) of Chapter 4, 
Section 40l.l*lo
These equations can conveniently be written in the form
dyi~ fi^Z* yl’ y2’ y3°“o°yl0^ ^  = 1’ 2’ 3’ .... 10^
dz
The associated boundary conditions for a pre-twisted canti­
lever beam are -
at z = 0, x = y = x = y = © = 0   * • „  „o„«(l94)
that is yi(0) = 0  (i = 1, 2, 3, 4, 9 , ) .....  ......(195)
// // /////// ' 
and at z = L, x = y = x = y = @ = 0 <><,•„ • » * » o.® ... (196)
that is yj. (L) = 0 (i = 5, 6, 7, 8, 10)  ......... .......(197)
The method of solving equations (193) is -
(i) a value for p the natural frequency is assumedf
(ii) the five known boundary values at the root are set
to their respective values and the remaining five un­
known boundary values are assigned arbitrary values, 
namely:
y*. = I, y^ = Y y  — Y q  — y10 = o
Starting from the ten initial boundary conditions a set of 
solutions for equations (193) &**e obtained by the Runge-Kuita step- 
by-step numerical integration process* The resulting solutions at 
the tip may be expressed in the form:-
y. _ (L) = E. , (i = 1,2, -..*10)........(199)
X , X X , X
where the second subscript indicates the solution of the equations 
with the first set of initial boundary values*
The above procedure is repeated with the five known boundary 
values still with their respective values but the five unknown bound­
ary values are set in turn to the following values:-
y5 = °> y6 = X> y7 = y8 = yXO = 0  ............ (200)
y5 = y6 = 0, y? = X, y8 = y10 = 0 ................ ....(20X)
y5 = y6 = y7 = ° ’ y8 = yI0 = 0 ....  <202)
y5 = y6 “ y7 = y8 = °> yX0 = 1    (303)
Thus five sets of solutions are obtained at the jpoet y t"(p,
namely:
y. (L) = E. (i = 1, 2, .... 10) (r = 1,2,3,4,5,).*-.(204)X j X* 1 j X*
The equations (193) linear and hence the actual solutions are a 
linear combination of the five sets of solutions*
,121a
5
Therefore y.(z) = /  ay. (z) (i = 1,2,3,«®10) ««.(205) i _ r x, rr=l
The known boundary values for a cantilever beam at z = L
are: -
and hence
yi
.(L) = 0  (i = 5,6,7,8,10)  p.........(206)
5
a E. = 0 (i = 5,6,7,8,10)..........................(207)r i,r r-i *
The condition that the equations (193) have a solution 
satisfying the boundary values of the problem is that the determinant 
of the coefficients of the homogeneous equation (207) vanishes, that is
E.x,r 0 (i = 5,6,7,8,10) (r = 1,2,3,4,5,)............(208)
The value of the determinant given in equation (208) is plotted against
trial values of frequency* The points of intersection of the curve on 
the frequency axis, for which the determinant value is zero, are the 
natural frequencies of vibration of the beam*
Once a particular natural frequency has been obtained the 
corresponding deflection curves are determined by setting, say a^, 
equal to unity and solving four of the simultaneous equations given by
the set of equations (204) yielding a^, a^» a4 anc* arj*
The centre-of-flexure deflections x and y and rotational
movement 8 are then obtained at half inch intervals along the length of
the beam by means of the appropriate equations contained in the set of 
equations (205)o The deflections in the yz and xz planes of the trailing 
edge of the beam are then determined from the centre~of-f1exure movements
by simple geometrical relationships.
The details of the programming of the method are as described
in Chapter 4, Section 4.1.1.1.
The frequencies and mode shapes up to the fifth mode have been
obtained for pre-twist angles from 0 to 90 degrees for a limited range
of r„ and rv values. Results have been obtained both for clockwise Y X
and anti-clockwise pre-twist relative to the root cross-section-and
Figures 4.30, 4*31 and 4*32 show the relationship between natural frequency
ratio and pre-twist angle for a limited range of r^ and values* The
modal curves are presented in Figures 4*33 to 4*34 for straight aerofoil
cross-section beams and in Figures 4*35 to 4*44 for selected sets of
clockwise and anti-clockwise pre-twisted beams. The effect of variation
in the value of the r and r co-ordinates upon modal curves is shown inx y
Figures 4.45 to 4*46 for straight aerofoil cross-section beams and in 
Figures 4*47 to 4*50 for clockwise and anticlockwise pre-twisted beams0
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RECTANGULAR CROSS-SECTION BEAM
b RATIO 16:1 LENGTH 6 INCHES* 
d
PRE-
TWIST
ANGLE
DEGREES
NATURAL FREQUENCIES OF 
VIBRATION CoPoSo 
TRANSFORI^TION j RAYLEIGH
METHOD RITZ METHOD
PERCENTAGE DIFFERENCE 
OF RAYLEIGH 
RITZ METHOD COMPARED TO 
TRANSFORMATION METHOD
894.0 +0.3
835.0
754.9
1068.0 0.16
60 - 0.1
1475.0 1491.8 +1.1
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COMPARISON OF NATURAL FREQUENCIES OBTAINED BY 
TRANSFORMATION METHOD AND RAYLEIGH RITZ 
METHOD
TABLE 4.2
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RECTANGULAR CROSS-SECTION BEAM
b RATIO 12:1 LENGTH 6 INCHES 
d
PRE­
TWIST
NATURAL FREQUENCIES OF 
VIBRATION CoP.S.
PERCENTAGE DIFFERENCE OF 
RAYLEIGH RITZ METHOD
ANGLE
DEGREES
TRANSFORMATION 
METHOD 1
RAYLEIGH 
RITZ METHOD
COMPARED TO TRANSFORMATION 
METHOD
M 30 995.0 995*3 +0.03
s
60 1071.0
......................- . ...
1072.6
- . .. ....
+0.1
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8
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I
60 2445*4 2452.8 +0.3
( 90 j 2407.0 I 2423.0 +0.7
COMPARISON OF NATURAL FREQUENCIES OBTAINED BY
TRANSFORMATION METHOD AND RAYLEIGH RITZ
METHOD
TABLE 4.4
•Qj'O
O  O0 M
Q CO
D  CO
HO O CO w M
r Ea  
« § 8
C co
g g 
o  o
O  H  
O  H  ffi O
cd D O fo
K 2; M O
O  O  COs a
<5 fa OS H M D  
CO Q  O
vr>in coO'
§
IS H  EH H
•r* W
? a §
0 0fxl
ft <1 o
2 O T  HSO
. 1 7 7 .
CQ
QCa
55
M
<
HCQ
O
co
ca
H
o
2:ca
§
gfa
p
5
§
gitc
M
f t O
8 cHi|
in
ca
pca
<3;
H
.173.
RECTANGULAR CROSS-SECTION BEAM
b RATIO 8:1. LENGTH 6 INCHES 
d
PRE­
TWIST
NATURAL FREQUENCIES OF 
VIBRATION C.P.S.
PERCENTAGE DIFFERENCE OF 
RAYLEIGH RITZ METHOD
ANGLE
DEGREES
TRANSFORMATION
METHOD
RAYLEIGH 
RITZ METHOD
COMPARED TO 
TRANSFORMATION METHOD
1
0 883.9 889.0 +0.01
30 1057.4 1057.5 +0.01
1
60 1312.0 1312.8 +0.1
i 90 1412.4 1414.5 +0.1
0 1948.7 1949.6 +0.05
i 3° 1895.0 1896.5 +0.1
5
60 1792.4 1795.8 +0.2
90 1853.2 1857.3 +0.2
M
0
D
E
0 3819.9 3819.5 -0.01
30 3767.7 3767.2 -0.01
I
6o 3634.2 3639*0 +0.1
J&
90 3476.7 3489.2 +0.4
COMPARISON OF NATURAL FREQUENCIES OBTAINED BY 
~ TRANSFORMATION METHOD AND RAYLEIGH RITZ
METHOD
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RECTANGULAR CROSS-SECTION BEAM
b RATIO 4;1 LENGTH 6 INCHES 
d
NATURAL FREQUENCIES OF 
VIBRATION CoP.S*
PERCENTAGE DIFFERENCE OF 
RAYLEIGH RITZ METHOD
PRE­
TWIST
ANGLE T TRANSFORMATION j RAYLEIGH RITZ [ COMPARED TO TRANSFORMA- 
DEGREES METHOD METHOD I TION METHOD
| 30 1498oO 1497.4 -o.o4
60 1728.9 1728.3
1 . .. .
-0.03
90
. - ------ - - •" ■"'* • .. *t
2002.2 2003.5 +0o06 1
1 30 3713-0 3712.1 -0.02
3354.0 3349.9 - 0.1
3012.43012.0 +0.1
5862 .0 5854.6
6429 .0 6421.8
66l8 .0 6620.0 +0.03
COMPARISON OF NATURAL FREQUENCIES OBTAINED BY 
TRANSFORMATION METHOD AND RAYLEIGH RITZ
■ rrrl* ir.-* n mu ■ mil 11     T in 1
METHOD
TABLE 4*8
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1
_________________________ ___________ _
an P Ln ^
n'
! 1 0.7340955 1.8751041
i
i 2c 1.01846644. 4.69409113 1
i 3
L_ . ....................
0.99922450 7.85475743
4 1.000033553
i . .
10.99554074 s
5 0.9999985501 14.13716839
1 6 i 1.0000000 17.278760
1.0000000 20.420353
1.0000000
1.0000000
23.5619*5
26.703538
VALUES FOR cc AND & L OF THE CHARACTERISTIC FUNCTIONS 
REPRESENTING MODES OF VIBRATION OF A BEAM
TABLE 4.9
182,
MODE
STANDARD THEORY AUTHORS METHC
FREQUENCY
c0pes«,
FREQ RATIO p/r>
y
FREQUENC
Amlyti^aloolution
Y C.P.S.
Trans f 0 rina t i on Solution
I
AnalvSolut
1,
FUNDAMENTAL ' 
BENDING IN 
YYLIRSCTION
960 9 1.00 96,9 96.9
2NT BENDING 
IN YY 
DIRECTION
607 ol 6.27 607.0 606 „ 5 6,
3 RE BENDING 
IN YY 
DIRECTION
1ST BENDING 
IN XX 
DIRECTION
1700.0 17.54 1699.0 I698.O 17.
8,868.4 8.96
10,82
869.0 868.0
1ST TORSIONAL 
FREQUENCY 1048.2. 1048.5 1048.2 10
FREQUENCY AND FREQUENCY RATIOS OF STRAIGHT AEROFOIL
.183.
MODE 1
--- -------
r AND r NATURAL FREQUENCY NATURAL FREQUENCY _
MOo 1 XVALUB y BY ANALYTICAL BY TRANSFORMATION DIFFERENCE
IN. SOLUTION CoP.S. SOLUTION CP.S.
' 1 1 r =0.0076 96.9 96.9 0
2 I X 606.5 606.5 0
3 1 r =OoQ47 841.2 842.9 +0o 2
4 y 1072.9 1074*2 +0.1
5 1699.0 1698.1
.. -.. .
”-0.05
•1 r =0.0076
'
96.9 96.9 0
2 ; 2C 606.5 606.5 0
3 r =0.1 789.0 790.0 +0,1
4 y 1142.5 1140.3 -0.2
5 1699.0 1698.1
. -0’05..
1 r = 0.1 96.9 96.9
- j
0
2 j 606.5 606.5 0
3 r = 0.047 841.2 843.3 +0.25
4 y 1074.3 1076.4 +0 0 2
3 1681.0 1681.9 +0.05
THEORETICAL NATURAL FREQUENCIES DF STRAIGHT AEROFOIL CROSS-
SECTION BEAMS
TABLE 4.11
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CHAPTER 5
5- THEORETICAL AND EXPERIMENTAL RESULTS
5*1 Rectangular Cross-Section Beams (Without Shear and Rotary
Inertia Effects)*
A convenient method of presenting the natural frequencies of 
pre-twisted rectangular cross-section beams is in terms of the frequen­
cy ratio P/p where p is the natural frequency of vibration and p is 
y y
the fundamental natural frequency in the yy direction of an identical 
beam without pre-twist* Neglecting shear and rotary inertia effects 
the frequency ratio is a function of pre-twist angle and the ratio of 
the second moment of area of the beam and is independent of the 
material properties* The ratio of the second moment of area is pro­
portional to the square of the breadth to depth ratio which is referred 
to in this report as the b/^ ratio* At zero pre-twist the funda­
mental frequency of vibration in the xx direction is b/_ times the
7 d
fundamental frequency in the yy direction*
Theoretical and experimental frequencies and mode shapes of 
vibration have been obtained up to the fifth mode for beams with pre­
twist angles up to 90 degrees and b/ ratios in the range 4:1 to 16:1.
Graphs showing the relationship between frequency ratio and 
pre-twist angle are given in Figures 4*1 to 4*4 for beams of b/ 
ratios 16:1, 12:1, 8:1 and 4:1 respectively* Theoretical results, 
determined by three different methods, are shown in the graphs 
together with experimental results* In addition, for comparison 
purposes, the results of Slyper*s (8) work using the Stodola method are
shown for the fourth and fifth modes of vibration.
The agreement between theoretical results determined by the 
Rayleigh Ritz method, using a series of orthogonal functions as 
dynamic displaoetse^t approximations, and the transformation method is 
very good. The differences are in fact so small as to be indiscernable 
in Figures 4.1 to 4.4 for nearly all the natural frequencies. Compari­
son of the results is better made by reference to Tables 4.1 to 4.8 
where it can be seen that the maximum percentage differences are 0.7 %, 
0.6%, 0.3%, 1.1% and 1.9% for the first, second, third, fourth and 
fifth modes respectively of the 16:1 b/ ratio beam. The larger 
differences at the fourth and fifth modes are only present for the 
16:1 by^ ratio beams and are considered to be due to computer round 
off to eight figures in the Rayleigh Ritz method. Initially a much 
larger error was given for this particular ratio beam. Investigation 
showed the error to be caused by direct subtraction of large exponen­
tial terms, which, because of computer round off to eight figures, 
resulted in erroneous results. By suitable preliminary factorization 
this difficulty was mainly overcome. It is considered that double 
length working would further improve the accuracy of the solution but 
this facility was not available on the Sirius computer.
The accuracy of the Ritz method is dependent both upon the 
choice of the dynamic approximating functions and also upon the 
number of terms used in the approximating series. The effect upon
the theoretical natural frequencies of variation of the number of
terms in the series of characteristic functions is shown in Figures 
4*18 and 4,19 for an 8:1 b/ ratio beam with zero and 90 degree pre­
twist respectively. The results for this particular beam are 
representative of all the b/d ratio beams used in the work.
It can be seen by reference to Figure 4,18 that for zero pre­
twist, with nine terras in the series, only the first three natural 
frequencies have converged to constant values. The fourth and fifth 
modes are still reducing and can be seen by extrapolation to converge 
to approximately 1949*4 c.p.s. and 3818*5 c.p.s. respectively.
Considering nine terras only in the series gives errors of the order 
of 0,03% for both the fourth and fifth modes.
It can be seen in Figure 4.19 that for a 90 degree pre-twist 
beam only the first mode has converged to a steady value* The second, 
third, fourth and fifth modes can be seen by extrapolation to converge 
to approximately 37^*^ c.p.s*, l4l4 c.p.s*, 1857 c.p.s. and 3^ =80 c«p*s* 
respectively* Considering nine terms only in the deflection series 
gives errors in the order of 0*05%, 0.04%, 0.02% and 0*3% for the second, 
third, fourth and fifth modes respectively* It is concluded that errors 
produced by considering nine terms only in the series are of a small order 
even with large pre-twist angles.
The fourth and fifth natural frequency ratios determined by
Slyper (8), using the SDtodola method, are shown in Figures 4*1, 4.3, and
4.4 for the 16:1, 8:1 and 4:1 b_ ratio beams respectively. The results
d
for the first three modes are in close agreement with
.18?.
the author's results and are not therefore shown in the Figures. The 
maximum percentage difference between the two methods for the fourth 
and fifth modes is of the order of 2% and 4% respectively. The 
Stodola method shows larger differences^ at higher modes since modes 
other than the fundamental require the elimination of lower modes 
prior to the integration process. The residual of the lower modes 
increases with mode number and hence the accuracy of the method 
decreases with increasing mode number. Thus the Stodola method 
whilst giving good results for lower modes of vibration is not entirely 
satisfactory for higher modes when small second order effects are being 
investigated.
The Rayleigh Ritz method, using static deflection curves as 
approximations to the dynamic displacement curves, gives two natural 
frequencies only. The results for the fundamental frequency are 
good, the maximum error being of the order of 1%. The second mode 
results are totally unacceptable, the maximum errors being of the 
order of 365%  353%, 145% and 4?% for the 16:1, 12:1, 8:1, and 4:1 
b/V ratio beams respectively. This is understandable on aralysis 
since the modal curve of the second mode of vibration of 16:1, 12:1 
and 8:1 b/ ratio beams consists mainly of a second mode type curve 
in the yy direction coupled with a fundamental type curve in the xx 
direction. Since the assumed deflection curves are approximations 
to the fundamental bending modes in both the yy and xx directions, a 
jood approximation cannot be made to a second mode type dynamic dis­
placement curve. The system would be constrained to move with
fundamental type displacement curves thus producing a higher natural 
frequency than the true solution.
The dynamic approximating functions used by Dunholter (29) 
are the static displacements in the directions of the principal 
planes in the form u = aP + bQ and v = bP - aQ where u and v are the 
displacements in the principal planes, a and b are variable parameters 
and P and Q are complex mathematical functions. The presence of the 
two variable parameters a and b in both expressions for the displace­
ments in the principal planes give** a greater degree of flexibility 
and therefore a better chance of approximating to the shape for the 
second mode of vibration than the author’s Rayleigh Ritz method. 
However, for the first mode of vibration, since in the author’s method 
a and b are the coefficients of the beading shape functions in the 
yy and xx directions respectively, the coefficients can be adjusted 
by minimisation of the frequeny expression to give the ratio of the 
bending displacements in the yy and xx directions. The displacement 
functions are good approximations to the vibration shapes in the yy 
and xx directions and hence good results are obtained for the funda­
mental mode. In Dunholter’s method because a and b appear in both 
expressions for the displacement functions minimisation of the 
frequency expression cannot produce the required ratio of bending in 
the two principal planes for the fundamental mode and the resulting 
approximating shapes are not particularly good approximations to the 
dynamic displacements in the principal planes. The frequency results
/
for the first mode are therefore appreciably higher than the true
.189.
solutions. Thus the authorls Rayleigh Rtiz method, using static dis­
placements in the yy and xx directions as approximating dynamic displace­
ment functions, produces good results for the first mode and poor results 
for the second mode of vibration. Dunholter*s solution, using static 
displacements in the principal planes, gives compromise solutions for 
both the first and second modes of vibration but neither show satisfactory 
agreement with the true solutions.
An interesting point is that both methods give spurious results 
for pre-twist angles less than 30 degrees. The theoretical results, by 
both solutions, show a pronounced hump for pre-twist angles below 30 
degrees as shown in Figures 4.1 to 4.4. This is considered to be error 
produced by addition and subtraction of such terras as sinet^z^
(n being an integer in the range 0 to 9) in the displacement functions. 
The addition and subtraction of these type of expressions can give 
erroneous results for small angles when worked out by normal trigometric 
solutions. Accurate solutions could be obtained by expressing the sine 
and cosine expressions in terms of power series. This approach is not 
attempted in the present work since the results at high pre-twist angles 
show the method to be unsatisfactory for the second mode of vibration and 
hence further work on the method is unwarranted.
The experimental frequency ratio of 12 inch long beams for all 
b/^ ratios show good agreement with the theoretical results for the first 
three modes of vibration, the percentage difference being less than 0.5%. 
The experimental results for the fourth and fifth modes of vibration for 
all b/\j ratio beams,except the 4:1 b/^ ratic beam, also show satisfactory 
agreement with theoretical results, the maximum error being of the order 
of 3.5%. These results are considered to be well within acceptable 
limits ooncidering such .factors as root flexibility, Ramping, 
varying beam properties and dimensions and non-linear
and cos aTzL %
pre-twist. The amount of non uniformity of pre-twist is shown in 
Table 5-1 for a 4:1 b/ ratio beam of length 12 inches and 90 degree 
pre-twist angle. The results for this particular beam are representa­
tive of the set of pre-twisted beams. The pre-twist is not uniform 
but as would be expected from the method of pre-twisting the rate of 
pre-twist is smallest at the two ends of the beam.
The fourth and fifth modes of the 8:1 b/, ratio beam, thed
fifth mode of the 12:1 b/, ratio beam and the fourth mode of thed
4:1 b/ ratio beam also show an increased error with increase in pre- 
twist angle. At zero £>re-twist the fourth and fifth modes of the 
8:1 b/ ratio beam corresponds to the third and fourth uncoupled mode# 
of vibration in the yy direction, the fifth mode of the 12:1 b/ 
ratio beam corresponds to the fourth uncoupled bending mode in the yy 
direction and the fourth mode of the 4:1 b/ ratio beam corresponds 
to the third uncoupled bending mode in the yy direction. With pre­
twist all these modes of vibration couple with motion in the xx 
direction, and the resulting motion consists of bending in the yy and 
xx directions. The proportion of bending in the xx direction in­
creases with pre-twist angle. The design of the root fixing is such 
that it is more effective as an encastre support in the yy direction 
than in the xx direction. Thus for these natural frequencies where 
motion consists of some motion in the xx direction the experimental 
natural frequencies will be lower than those predicted theoretically. 
With increase in pre-twist angle and hence a higher proportion of 
motion in the xx direction the discrepancy between theoretical and
» 1 9 1 .
experimental results increases.
The fifth mode of vibration of the 4:1 b/. ratio beam shows' d
the opposite effect, that is a maximum error of 8% at zero pre-twist* 
reducing to 1.7% at 90 degree pre-twist. In this case the mode of 
vibration at zero pre-twist corresponds to the second uncoupled 
bending mode in the xx direction. Since the motion is purely in the 
xx direction the effect of root flexibility is considerable and there 
is an appreciable difference between theoretical and experimental 
results. With increase in pre-twist angle coupling occurs with 
motion in the yy direction and error due to root elasticity in the xx 
direction is reduced.
The experimental results for all the b/ ratio beams would be 
expected to be slightly lower than the theoretically predicted values 
since the theory assumes no shear deflection and neglects the rotary 
inertia of beam elements. For slender beams the simple beam theory 
could be expected to give good results but for more stubby beams and 
for the higher modes of vibration in particular, considerable error 
could be incurred.
It is considered that a large part of the error between
theoretical and experimental results for the fifth mode of vibration
of the 4:1 b/, ratio beam is due to neglecting shear and rotary d
inertia effects. In order to ascertain this point the theoretical 
natural frequency ratios were obtained for a 12 inch long beam 
allowing for shear and rotary inertia effects and the results are /
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shown in Figure 4.4. The first three natural frequency ratios 
were very dose to the results neglecting shear and rotary inertia 
effects and are not therefore shown in Figure 4.4. The fourth and 
fifth frequency ratios slioiv a reduction in the order of 1% and 4% 
respectively as compared to the results obtained neglecting shear and 
rotary inertia effects. Thus a large error is incurred in the 
fifth mode of a 4:1 ratio beam of length 12 inches if shear and 
rotary inertia effects are neglected. The remaining error between 
theoretical and experimental results is considered to be mainly due 
to the flexibility of the root which has already been discussed.
The frequency ratios are also presented in Figure 4.5 in the 
form first presented by Rosard (4). This shows the correlation 
between the frequency ratio, b/d ratio and pre-twist angle. For a 
straight beam independent vibrations occur in the yy and xx directions. 
With pre-twist these vibrations couple together to give complex modes 
\srhich are best identified by ascending order of frequency. The 
amount of coupling is complex depending on both the b/ ratio and the 
pre-twist angle. The mode shapes of vibration will consist of bend­
ing in the yy and xx directions, the shapes depending on the b/ 
ratio and the pre-twist angle. The theoretical mode shapes of vibra­
tion for selected pre-twist angles, namely 30°, 60° and 90° are pre­
sented in Figures 4.6 to 4.17 for 16:1, 12:1, 8:1 and 4:1 b/ ratio 
beams.
Experimental deflection curves are presented for 16:1, 8:1 J 
and 4:1 b/ ratio beams. The agreement between theoretical and experi-
c o n t . 9. /9S
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mental results is good for all mode shapes of vibration, except the
fourth mode of vibration of the 16:1 b/_ ratio beam, It can be seend
by reference to Figure 4,5 that mode four for the 16:1 b/ ratio is very
sensitive to changes in b/, ratio as indicated by the slope of thed
curves at the points corresponding to the b/ ratio. Also the mode is 
very sensitive to changes in pre-twist angle as shown by the large 
change in frequency ratio with change in pre-twist angle. It would 
therefore be expected that experimental results for the mode shape would 
be sensitive to b/ ratio and pre-twist angle. Thus non-nniform pre­
twist together with variations in beam dimensions could account for the 
error in this mode,
A second point of interest is the discrepancy of the present 
theoretical results with those of Slyper’s (8) for the mode shape of an 
8:1 b/ ratio beam with 90 degree pre-twist for the fourth mode. The 
theoretical results are different from those of Slyper’s for motion in 
the xx direction although experimental results are nearly the same.
The author’s results have been obtained by two different methods and 
confirmation of these results k?e also been obtained by Documaci, Thomas an 
Carnegie (35) using a finite element technique. It would therefore 
appear that Slyper’s results for this mode are in error,
5,2 Rectangular Cross-Section Beams Allowing for Shear and 
Rotary Inertia Effects,
The theoretical results discussed so far in this thesis do
not take into account shear and rotary inertia effects. Allowance
* /has been made for these effects and theoretical solutions have been
obtained by the Rayleigh Ritz method. The accuracy of the Ritz
solution is dependent upon both the chosen approximate functions and
the number of terms used in the deflection series. Figure 4,20 shows
the effect of variation in number of terms in the deflection series upon
theoretical natural frequencies for the particular set of data used by
Huang (19)* The solutions are as one would expect with the Rita
method - on the high side. With nine terms in the series the results
have still not converged to a steady value for any of the modes. The
errors involved are, however, small and considering nine terms in the
series the errors compared to Huang's solutions are 0.004%, 0,25%, 0.8%,
0.66%, and 0.95% for the first, second, third, fourth and fifth modes
respectively. The accuracy of the first and second modes would not be
improved very much by a greater number of terms but an improvement
would be made to the third, fourth and fifth modes. However it is
considered that an accuracy within 1% of an exact solution is sufficient
for an estimation of the effect of shear and rotary inertia. The
results obtained by the Ritz method using nine terms in the series are
shown together with the results obtained by Goodman and Sutherland in
Figure 4.21 for beams of various r/_ ratios. It can be seen thatL
the results compare favourably, a maximum error of 1.2% being given for
the fifth mode at an r/ ratio of 0.1. The method assumes that theL
bending deflection curve and the shear deflection curve do not differ
greatly and the same series is used for both the shear and bending
deflections. It would therefore be expected that for beams of large
r/_ ratio, for which shear is appreciable, the method would be more 
L
liable to error.
Neither Huang (19) nor Sutherland and Goodman (15) showed 
the independent effects of shear and rotary inertia. Figure 4.22 
shows the theoretical natural frequencies determined allowing faf 
rotary inertia alone and also the natural frequencies allowing for both
rotary inertia and shear deflection.
The percentage drops due to rotary inertia alone an^ shear 
alone are in the order of 2% and 6%, 13% and 23%, 26% and 33%» 36% ^ nd 
42%, 45% and 42% for the most extreme case of r/ ratio 0.1 for ^heJL1
iirst* second, third, fourth and fifth frequencies respectively. It 
can therefore be seen that both rotary inertia effects and shear 
effects increase with mode number but the effect of rotary inertia
i
becomes more and more important with mode number and eventually at the
fifth mode the effect is greater than the shear effect.
It can also be seen that both the effect of shear and
i /
rotary inertia is reduced with decreasing r/T ratio beams. ifL \
The Rayleigh Ritz method, allowing for shear and rptary
inertia effects, developed for zero pre-twist beams has beeniextended
to pre-twisted beams.
The accuracy of the Ritz solution is dependent upon both the 
chosen approximating functions and the number of terms used in the 
deflection series. Figure 4.23 shows the effect of variation in the 
number of terms in the deflection series upon theoretical natural fre­
quencies for an 8:1 b/ beam vrith 90 degree pre-twist which can be
taken as representative of the set of b/_ ratio beams.d
With nine terms in the series only the fundamental 
mode has converged to a steady value. The second, third, fourth and 
fifth modes can be seen by extrapolation to converge to approximately 
373*52 c.p.s., 1390 c.p.s., 1811 c.p.s. and 3420 c.p»s. respectively* 
Considering nine terms only in the deflection series gives errors in the 
order of 0.18%, 0.06%, 0.03% and 0.29% for the #econd, third, fourth 
and fifth modes respectively. Thus the error produced by taking nine 
terms in the series is of a very small order.
Theoretical natural frequency ratios allowing for shear and 
rotary inertia effects are shown in Figures 4.24 and 4.25 for 6 inch 
long beams with b/^ ratios 8:1 and 4:1 respectively and pre-twist 
angles in the range 0 to 90 degrees.
Considering the 8:1 b/^ ratio beam and referring to Figure 
4.24, it can be seen that the theoretical effect of shear and ^ rotary 
inertia upon the first and second mode of vibration is negligible.
There is in fact a small drop in frequency ratio when allowing for shear 
and rotary inertia but these effects are so small as to be indiscernable 
on the graphs.
The third, fourth and fifth natural frequency ratios are 
affected to a greater extent by alloid.ng for shear and rotary inertia 
effects. Maximum percentage frequency ratio drops allowing for shear 
and rotary inertia effects are of the order of 2.5%. 2.5% and 1.0% for 
the third, fourth and fifth modes respectively. These percentage 
frequency ratio drops are relatively small and for 8:1 b/ ratio beams
of length six inches the simple beam theory could be considered accurate 
enough for the determination of the natural frequencies unless an accuracy 
better than 3% is required.
The experimental frequency ratio results for six inch long beams
are consistently lower than those of the twelve inch long beams as shown
by comparison of results in Figures 4.24 and 4.3 t thus confirming a drop
in frequency ratio with increased r/_ ratio. The agreement between
JL
theoretical and experimental results for the first two modes of vibration 
is very good although for these modes the shear and rotary inertia 
effects are negligible.
The differace between theoretical and experimental results for 
the third mode reduces from 5% at zero pre-twist to zero % at 90 degree 
pre-twist. This decreasing difference with increase in pre-twist is 
attributed to greater flexibility of the root in the xx direction to that 
in the yy direction. The reason why this causes a decreasing difference 
with increase in pre-twist angle has been discussed previously on page 191 
for a. 4:1 b/ ratio beam neglecting shear and rotary inertia effects.
The fourth mode gives consistently lower experimental frequency ratios 
than those predicted theoretically. The percentage difference.'at zero 
pre-twist is 2% and this increases to 6% at 90 degree pre-twist angle.
This increasing difference with pre-twist angle is attributed to greater 
root flexibility in the Xx direction to that in the yy direction and has 
been discussed previously on page 190 for an 8:1 b/ ratio beam neglecting 
shear and rotary inertia effects.
The fifth mode experimental results show good agreement with theoretical­
ly predicted values, the maximum error being of the order of 1.5% at 
90 degree pre-twist angle.
The effect upon the mode shapes of vibration of allowing for
shear and rotary inertia effects is shown in Figure 4.26 for the 8:1 b/d
ratio beam. The third, fourth and fifth mode shapes only are presented
since the effect upon the first and second modes is negligible. The
difference between the mode shapes is small and it can be concluded
that for an 8:1 b/_ ratio beam of length 6 inches the effect of allowingd
for shear and rotary inertia effects upon the mode shapes of vibration up 
to the fifth mode is small and is of little importance.
Considering the 4:1 b/d ratio beam it can be seen in Figure 
4.25 that allowing for shear and rotary inertia effects considerably 
reduces the theoretically predicted values for frequency ratio especially 
at the fifth mode. The maximum percentage frequency ratio drops allowing 
for shear and rotary inertia effects and with the shear stress factor k
= 1*2 are 2.5%, 3«5%» 3% and 12% for the second, third, fourth and
fifth modes respectively. The effect of shear and rotary inertia upon 
the first mode is too small to be shown in Figure 4.25 although there 
is a small drop in natural frequency ratio of the order of 1%.
It may be concluded that if the determination of the modes is
higher than the fourth of a 4:1 b/d ratio beam are made neglecting shear 
and rotary inertia effects, considerable error will be incurred.
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The experimental results for frequency ratios of six inch 
long beams are lower than the experimental results obtained for twelve 
inch beams, as shown by comparing the results of Figures 4.4 and 4.25, 
thus confirming a drop in frequency ratio with increasing r/ ratio.
The experimental results for the six inch beams are consistently lower than 
those predicted theoretically allowing for shear and rotary inertia 
effects, the maximum percentage differences being 1.2%, 5%, 9% aiicl 8%, 
for the second, third, fourth and fifth mode respectively. These 
discrepancies are attributed mainly to the flexibility of the root fix­
ing. It has already been mentioned that the design of the root clamp
is such that flexibility is greater in the xx direction than the yy
/
direction. The root would not however be perfectly encastre in the 
yy direction and the overall flexibility of the root would produce 
lower frequencies than theoretically predicted values.
The second and fifth modes of vibration show maximum discre­
pancy between theoretical and experimental results at zero pre-twist 
and this difference decreases with increase in pre-twist angle. This 
effect is attributed to greater root flexibility in the xx direction to 
that in the yy direction. The reason why this causes a decreasing 
difference with increase in pre-twist angle has been explained on page 
191for the fifth mode of vibration of a 4:1 b/^ ratio beam neglecting 
shear and rotary inertia effects.
The same reasoning applies to the second mode of vibration 
with the difference that at zero pre-twist the second mode of vibration
corresponds to the fundamental bending motion in the xx direction.
The third and fourth modes of vibration show maximum 
differences between theoretical and experimental results at 90 degree 
pre-twist angle and this difference decreases with decrease in pre­
twist angle. Again this effect is attributed to greater root flexibi­
lity in the xx direction to that in the yy direction. The reason why 
this causes a decreasing difference between theoretical and experimental 
results is explained on page 190 for the fourth mode of a 4:1 b/^ ratio 
beam neglecting shear and rotary inertia effects. The same reasoning 
applies to the third mode of vibration but in this case the mode at zero 
pre-twist corresponds to the second bending mode in the yy direction.
The effect of shear and rotary inertia is greater for beams 
of large r/ ratio and this is clearly shown in Figures 4.24 and 4.25, 
where the frequency ratio drops allowing for shear and rotary inertia 
effects are much greater for the 4:1 b/^ ratio beam than for the 8:1 b/^ 
ratio beam.
The theoretical results allowing for shear and rotary inertia 
are dependent upon the numerical value of the shear stress factor k.
The evaluation of this factor is dependent upon the shear stress dis­
tribution over the cross-section of the vibrating beam. It is 
thought that the shear stress is a function of both the shape of the 
cross-section and the frequency of vibration. For lower modes of 
vibration the stress distribution approximates to the parabolic distri­
bution obtained from elementary strength of materials. However, a
more careful analysis (36) sho\vs that at higher modes of vibration the 
shear stress distribution is different from that predicted by the simple 
static equation and hence the value of k changes with mode number. This 
effect has not been fully investigated and it is usual to use one value 
of k for all the natural frequencies. Numerous different values of k 
have been obtained by many investigators. The values range from 1.05 
determined by Jacobson (22) to 1.5 determined by Timoshenko(12) in his 
first paper on the subject. Later Timoshenko (13) used a k value of 
1.125 to bring his results into closer agreement with the three 
dimensional theory of small vibrations of elastic bodies. It was later 
concluded by Mindlin and Deresiewig (37) that a value of k = 1.218 would 
be the best choice of the stress factor since it enforced agreement at 
the higher modes. Cowper (38) presented a fresh derivation of 
Timoshenko1s beam equation from which he obtained a new formula for the 
shear stress factor k. Assuming Poissons ratio as 0.3 the formula 
gives the value of the shear stress factor k equal to I.I76. The value 
of k s 1.5 is based on Statics considerations and enforces agreement at 
zero frequency. In this work results have been obtained for the 8:1
b/, ratio beam with k = 1.2 and for the 4:1 b/, ratio beam with k = 1.2d d
and 1.5* The effect of changes in k value upon the theoretical 
natural frequency of a 4:1 b/ ratio beam is shown in Figure 4.25* 
Variation in the value of k has little effect on the first three fre­
quency ratios, the difference being less than 0.5% which is too small 
to be shown in Figure 4.25- The maximum percentage changes in fre­
quency ratio for the fourth and fifth modes is of the order of 1.0% and
2.8% respectively. The exact value of k therefore seems of little 
importance for the estimation of modes up to the fifth for a 4:1 b/
ratio beam of length six inches. A change in k value of 25% causes 
a maximum change in frequency ratio of only 2.8% at the fifth mode.
The fact that the k value of 1.5 gives closer values to the 
experimental results is rather misleading. This implies that the k 
value of 1.5 is the better value at higher modes which is contrary to 
the expected result. It is considered that the experimental results 
are low due to root flexibility and that a comparison of theoretical 
and experimental results within 4% could result in erroneous conclusions.
5.3 Aerofoil Cross-Section Beams
The aerofoil cross-section beam used in the work has an 
equivalent b/ ratio of 8.96:1 and is six inches long. It is shown in 
the section on rectangular cross-section beams that for an 8:1 b/ 
ratio beam of length six inches the maximum error involved in neglecting 
shear and rotary inertia effects is of the order of 2.5% up to the fifth 
mode of vibration. It is also shown that the effect upon the mode 
shapes up to the fifth mode is very small.
It is therefore considered justifiable to make an analysis
of the vibrational characteristics of the aerofoil beam neglecting shear
*
and rotary inertia effects.
The solution of the equations of motion of pre-twisted aero­
foil cross-section beams is not practicable by a direct analytical 
solution. It is possible however to solve the equations by an analy-
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tical method for the special case of zero pre-twist» The equations
of motion for a straight aerofoil cross-section beam have been solved
by an analytical solution and the natural frequencies obtained for the
first five modes of vibration are shown in Table 4.10 for the special
case of r = 0, r = 0 and in Table4.11 for the range of r and r order 
x  I x  y
values used in the report.
A method of transforming the equations of motion into a set 
of simultaneous first order equations and solving by a step-by-step 
finite difference procedure has been applied'to pre-twisted aerofoil 
cross-section beams. An estimate of the accuracy of this method is 
obtained by setting both the centre-of-flexure co-ordinates and the pre­
twist angle to zero and comparing the results to those obtained by the 
analytical solution of the equations of motion and also to results 
obtained by standard theory. The natural frequencies by all three 
methods are shown for comparison purposes in Table 4.10. The maximum 
percentage difference between the results by the analytical solution and 
standard theory is 0.07% whilst the maximum percentage difference between 
the results by the transformation method and standard theory is 0.1%.
The natural frequencies obtained by the analytical solution 
and the transformation method are shown in Table 4.11 for the range of 
centre-of-flexure co-ordinate values and it can be seen that the maximum 
percentage difference between the two methods is of the order of 0.25%.
It is concluded that since the transformation method of solv­
ing the equations of motion gives accurate results for straight beams
/
similar accuracy -will be obtained for pre-twisted beams. The assumption 
is further justified since the results obtained by the transformation 
method for pre-twisted rectangular cross-section beams gives good 
comparison with other investigators’ results.
The natural frequencies are most conveniently expressed in 
terms of the frequency ratio p/ where p is the natural frequency of
py
vibration and p^ is the fundamental frequency in the yy direction of an 
identical beam without pre-twist.
The theoretical and experimental natural frequencies and mode
shapes of vibrations up to the fifth mode have been obtained for both
clockwise and anti-clockwise pre-twist angles within the range 0 to 90
degrees. Graphs showing the relationship between theoretical frequency
ratio and clockwise and anti-clockwise pre-twist angle for a limited
range of centre-of-flexure co-ordinates are given in Figures 4,30 and
4,31 respectively. The co-ordinates (r , r ) of the centre-of-flexurex y
relative to the mass axis will be referred to as the centre-of-flexure 
co-ordinates throughout the discussion. Graphs showing the deflection 
of the trailing edge and of the centre-of-flexure axis are presented 
for straight beams in Figures 4,33 to434 and for selected sets of clock­
wise and anti-clockwise pre-twisted beams in Figures 4,35 to4*44. The 
deflection curves are presented for the first five modes of vibration
for values of the centre-of-flexure co-ordinates r = 0.0076 in, and
x
r = 0,047 in. These are the values of the co-ordinates determined
y
experimentally by Carnegie and which also give the closest agreement to 
experimental results.
Referring to Figures 4,30 and 4,31 the theoretical natural 
frequency ratio of the fundamental mode, for both clockwise and anti­
clockwise pre-twist, is independent of the centre-of-flexure co-ordinates 
and it may be concluded that torsional movement is negligible over the 
pre-twist range 0 to 90 degrees. Furthermore at zero pre-twist the 
motion can be regarded as bending in the yy direction only. This is 
seen clearly by referring to the zero pre-twist deflection curves for 
the first mode shown in Figure 4,33* The deflection of the centre-of- 
flexure axis consists of motion in the yy direction only and is 
coincident with the deflection of the trailing edge showing the torsional 
movement to be negligible. The deflection of the centre-of-flexure 
axis in the xx direction is too small to be shown in the Figure, Although 
it is not clearly evident in Figures 4,30 and 4,31 there is a slight in­
crease in the fundamental frequency ratio with increase in pre-twist 
angle. This is due to coupling between bending in the yy and xx 
directions since torsional movement is negligible. The fundamental 
mode deflection curves for both clockwise and anti-clockwise pre-twisted 
beams presented in Figures 4,35 and 4,4-0 show that the centre-of-flexure 
and trailing edge deflection are in fact coincident and hence torsional 
movement is negligible. It can also be seen that the bending componervt 
in the xx direction increases with pre-twist angle confirming that 
coupling between bending in the yy and xx directions is occurring with 
increase in pre-twist angle.
The theoretical frequency ratio for the second mode is 
slightly dependent on the centre-of-flexure co-ordinates but the >
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difference is too small to be shown in Figures 4*30 and 4*31« The 
motion at zero pre-twist can therefore be considered as all bending in 
the ya plane and this is evident in Figure 4*33r which shows the second 
mode deflection at zero pre-twist*
There is a large decrease in frequency ratio with pre-twist, 
a maximum percentage drop of 45% being given at 90 degrees pre-twist*
Since torsion is negligible this must be caused by coupling between 
bending in the yy and xx directions* The deflection curves for both 
clockwise and anti-clockwise pre-twist angles are given in Figures 4*36 
and 4*4l and show that the centre-of-flexure and trailing edge deflec­
tions are nearly coincident thus confirming that torsional movement is 
small* It can also be seen in Figures 4*36 and 4.4l that the propor­
tion of bending in the xx direction increases with pre-twist angle 
confirming the coupling between bending in the xx and yy directions with 
pre-twist*
The third mode at zero pre-twist corresponds to the funda­
mental bending mode in the xx direction* Variation in the value or r
y
considerably affects the theoretical frequency ratio at zero pre-twist
whilst variation in the value of r has little effect* This can be seenx
very clearly in Figure 4*28 and indicates that at zero pre-twist the 
motion consists of bending in the xx direction coupled with torsion and 
the motion in the yy direction is negligible* This is confirmed by 
reference to Figure 4*33 where for zero pre-twist the movement of the 
centre-of-flexure is in the xx direction only, the motion in the yy
/
direction being negligible* The movement of the centre-of-flexure 
axis coupled with torsional movement gives the resulting deflection 
curve of the trailing edge of the beam.
Increase in pre-twist angle considerably raises the frequency 
ratio and variations in the centre-of-flexure co-ordinates have a con­
siderable effect upon the frequency ratio* The motion with pre-twist 
would therefore consist of bending in the xx and yy directions coupled 
with torsional movement* This is verified by reference to Figure
4*37 and Figure 4.42 where for both clockwise and anti-clockwise pre­
twist the overall motion consists of bending in the xx and yy directions 
coupled with rotational movement. This is evident since the deflec­
tion curves of the centre-of-flexure and of the trailing edge are 
totally different.
The fourth mode at zero pre-twist corresponds to the funda­
mental torsiQnal mode* Variation in the value of r^ considerably affects 
the theoretical frequency ratio whilst variation in the value of r^ has
little effect. This can be seen very clearly in Figure 4.29 and
indicates that the motion at zero pre-twist consists of bending in the 
xx direction coupled with torsional movement, the branding in the yy
direction being w r y  small* This can be seen in Figure 4*34 for zero
pre-twist in which the motion of the centre-of-flexure is in the xx direc 
tion only, motion in the yy direction being negligible. The motion of 
the trailing edge of the beam is due to coupling between bending in the 
xx direction and torsion* With increase in pre-twist angle coupling
occurs with bending in the yy direction and the motion with pre-twist 
therefore consists of bending in the xx and yy directions coupled with 
torsional movement. This type of coupled motion is apparent in 
Figures 4.38 and 443, for both clockwise and anti-clockwise pre-twisted 
beams.
The fifth mode of vibration at zero pre-twist angle corres­
ponds to the third bending mode of vibration in the yy direction. 
Variation in the value of r^ has no effect at zero pre-twist angle which 
indicates that motion in the xx direction is small. Variation in the 
value of r^ has a slight effect on the frequency ratio and it would be
expected that at small values of r torsional movement would be small.x
With increase in the value of r^ the amount of coupling between bending 
in the yy direction and torsion would increase.
It is shov^ n in Figure 4.34 for zero pre-twist angle with r^
= 0.0076in.and r = 0.047 in. that the effect of both torsion and bending 
in the xx direction is negligible. With increase in pre-twist angle a 
change in frequency ratio occurs which is the same for all values of r
but is appreciably altered with change in r value. This indicatesx
that with pre-twist the motion consists of bending in both the yy and xx 
directions coupled with torsion. The deflection curves of the fifth 
mode for both clockwise and anti-clockwise pre-twisted beams, && ohown in 
Figure® 4^39 and 4*44, confirm tlmt the motion consist® of bending in the 
yy and directions coupled with torsional movement#
Experimental natural frequency ratios are shown in Figures
4.30 and 4«31 but a true comparison of theoretical and experimental
results is not possible since the exact values of the centre-of-flexure
co-ordinates are not known. For the range of r and r values used inx y
the present work the values r = O.OO76 in, r = 0.047 in. give thex y
closest results to experimental natural frequencies and mode shapes.
These are also the centre-of-flexure co-ordinates determined experimental­
ly by Carnegie. However, because of inherent difficulties in the 
experimental technique these values could well be in error.
The theoretical and experimental frequency ratios for the
first and second modes of vibration agree very closely with experimental
results for all the centre-of-flexure co-ordinates. ; Considering the
values of the centre-of-flexure co-ordinates to be r = 0.0076 in.,x
r^ s= 0.047 in., the maximum percentage difference between theoretical 
and experimental frequency ratios for the third and fourth modes is 
of the order of The maximum percentage difference between theore­
tical and experimental results for the fifth mode is of the order of 
6.5%. It would be expected however that 2% of this error oould be 
accounted for by shear and rotary inertia effects.
Figure 4.32 shows the effect pf sense of pre-twist angle upon 
frequency ratios. It can be seen that for the first and second modes of 
vibration the sense of pre-twist angle has negligible effect upon blading 
frequerri.es. For the fourth and fifth modes the theoretical natural fre­
quency ratios are slightly lower for clockwise than for anti-ciockwise
pre-twisted beams, whilst the third mode shows the opposite effect.
These differences are of the order of 1.5% which is too small to be 
verified experimentally.
An interesting point is that although only a small difference 
in frequency ratio is noticeable with sense of pre-twist angle the mode 
shapes of certain modes are considerably affected.
With change in sense of the pre-twist angle the modal curves 
of the centre-of-flexure in the yy and xx directions change phase 
relative to each other but the shapes of the curves are little affected. 
Thus for modes of vibration where coupling with torsion is small, the 
shape of the modal curves of the trailing edge of the beam will be 
little affected by sense of pre-twist angle. There will, however, be 
a change in phase between the motions in the yy and xx directions. The 
first, second and fifth modes are only slightly coupled with torsion and 
it would therefore be expected that the mode shapes of vibration for the 
clockwise and anti-clockwise pre-twisted beams would be similar but that 
the phases in the yy and xx directions would be opposite. This is 
verified by reference to Figures 4.35 and 4.40, Figures 4.36 and 4.4l 
and Figures 4.39 and 4.44.
When appreciable coupling with torsion occurs the addition 
of the torsional displacements to oppositely phased centre-of-flexure 
disxslacements result in different trailing edge deflections for clock­
wise and anti-clockwise pre-twisted beams. The third and fourth modes 
are strongly Coupled with torsion and the difference in the modal curves
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for clockwise and anti-clockwise pre-twisted beams can3be seen by- 
reference to Figures 4.37 and 4.42 and Figures 4.38 and 4.43 for the 
third and fourth modes respectively. Although the modal curves are 
different the component shapes in the yy and xx directions and the 
torsional movements for the two beams are similar only the phases being 
different. Thus the total energy contents of the vibrating clockwise 
and anti-clockwise beams will be nearly the same and hence the nat^ acal 
frequencies for clockwise and anti-clockwise beams will be little 
affected by sense of pre-twist.
The shapes of the deflection curvesare complex and a#e a
function of r , r , I , I™. and I . No attempt is made to explain x y CaQ* aa xx
these deflection shapes in the manner given in the section on rectangu­
lar cross-section beams since this would require a knowledge of the 
effect upon frequency ratio of variation of the above parameters. The 
present work has only been concerned with one shape of cross-section and 
hence limits a complete understanding of the vibration.
The agreement between theoretical and experimental mode 
shapes is also dependent upon the choice of centre-of~flexure co-ordinates. 
In this work the deflection curves are presented for the case of r^ = 
Q . 0 0 7 6 i n , r = / . 0 oQ 4 7  in. which gives the closest frequency ratios to the 
experimental results within the range of centre-of-flexure co-ordinates 
chosen for the investigation.
It can be seen by reference to Figures 4.33 and 4.34 that the 
agreement between theoretical and experimental mode shapes for straight
i
217.
aerofoil cross-section beams is good for all the modes of vibration.
For both clockwise and anti-clockwise pre-twisted beams the 
agreement between theoretical and experimental results is good for the 
first, second and fifth modes as can be seen by reference to Figures 
4.35, 4.40, 4.36, 4.4l, 4.39 and 4.44. The agreement between theoreti­
cal and experimental results for the third and fourth modes is poor as 
can be seen by reference to Figures 4«37t 4.42, 4.38, 4.43. The third 
and fourth modes of vibration are the ones that are strongly coupled and 
therefore most sensitive to the accuracy of the centre-of-flexure co­
ordinates. They will also be sensitive to non-uniforrai,*iy of pre-twist 
and end effects since these factors will affect the position of the 
centre-of-flexure. The amount of non-uniformity of the pre-twist is 
shown in Tables 5*>& and 5*3 for the 90 degree clockwise and anti­
clockwise pre-twisted beams.
The theoretical modal curves are dependent upon the position 
of the centre-of-flexure axis relative to the mass axis. The effect of 
variation in the value of these co-ordinates upon the modal curves is 
shown in Figures 4.45 to 4.46 for straight aerofoil cross-section beams 
and in Figures 4.47 to 4.48 and Figures 4.49 to 4.50 for 90 degree 
clockwise and anti-clockwise pre-twisted beams respectively. The 
effect of variation in the values of the centre-of-flexure co-ordinatess 
upon the first mode is negligible for both straight and pre-twisted 
beams and is not therefore shown in Figures 4.45 to 4.50.
The first mode of vibration for zero pre-twist can be consider-
ed as bending in the yy direction only, motion in the xx direction and 
torsional movement being negligible0 The effect of variation in the
values of the centre-of-flexure co-ordinates alters the coupling with 
torsiono However, since the torsional movement is negligible the 
effect upon the modal curves is very small.
The second mode of vibration at zero pre-twist can be 
considered to be mainly motion in the yy direction, the motion in the 
xx direction and torsional movement being very small. Variation in 
the value of the r^ co-ordinate mainly alters the coupling between 
motion in the xx direction and torsion. Since these two motions are 
however very small the effect upon the modal curves is negligible. The 
variation in the r^ co-ordinate mainly alters the coupling between the 
motion in the yy direction and torsion. A large increase in r^ value 
would increase the coupling between motion in the yy direction and 
torsion thus modifying the mod'al curve. This can be seen by reference 
to Figure 4.4-5«
The third mode of vibration at zero pre-twist is mainly 
motion in the xx direction coupled with torsional movement. When 
coupling is present to an appreciable amount, it is difficult to 
physically estimate the effect of variation of the values of the 
centre-of-flexure co-ordinates upon the individual modal curves because
of the interdependence of the motions in the yy and xx directions and 
torsional motion. It would be expected, hovrever, that variation in 
the value of r would alter the coupling between motion in the xx
y
direction and torsion thus modifying the ratio of these components.
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Variation in the co-ordinate would mainly alter the coupling between 
motion in the yy direction and torsion. Since the yy motion is very 
small the overall effect on the modal curves would also be smail.
These trends are evident in Figure 4.45.
The fourth mode at zero pre-twist is similar to the third 
mode. The motion consists mainly of motion in the xx direction coupled #  
with torsion. The remarks concerning the third mode are therefore 
applicable to the fourth mode and the trends suggested for the third 
mode are evident in Figure 4.46.
The fifth mode at zero pre-twist consists mainly of bending 
in the yy direction, the motion in the yy direction and torsional move­
ment being very small. Variation in the value of the r^ co-ordinate 
will mainly effect the coupling between bending in the xx direction and 
torsional movement. Since these motions are very small the effect of 
variation in the value of the r^ co-ordinate will be negligible.
Variation in the value of the r^ co-ordinate will influence the coupling
between bending in the yy direction and torsion and for a large
variation in the value of r would alter the overall motion in the yyx
direction. This trend is evident in Figure 4.46.
Considering pre-twisted beams, the first mode conssts of
motion in the yy and xx directions, the torsional movement being
negligible. Variation in the values of r and r influence the amount ofx y
coupling with torsional motion but since the torsional motion is very 
small, the effect upon the motion in the yy and xx directions is negli­
gible.
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The second, third, fourth and fifth modes of vibration consist 
of motion in the yy and xx directions together with torsional movement.
As stated previously where coupling is present to any appreciable 
amount an estimation of the effect of variations of the centre-of-flexure 
co-ordinates upon the modal curves is difficult because of the inter­
dependence of the motions in the yy and xx directions and torsional 
movement. It can however be stated that for modes with small coupling 
with torsion the effect of variations in the value of the centre-of- 
flexure co-ordinates is small. Thus for the second mode of vibration 
as shown in Figures 4.47 4.49; the effect of variation in the
values of the centre-of-flexure co-ordinates is relatively small. The 
positions of the nodes and antinodes are little changed but there is a 
slight change in the relative amplitudes in the yy and xx directions.
The third and fourth modes in particular and also the fifth
mode are more strongly coupled with torsion. The effect of variations
in the values of the r and r co-ordinates is considerable and thex y
positions of the nodes and antinodes and shape of the modal curves are 
considerably altered with variation in the value of the centre-of-flexure 
co-ordinates. This can be seen by reference to Figures 4.48 and 4.50. 
Thus, for strongly coupled modes the use of inaccurate values of the 
centre-of-flexure co-ordinates could give erroneous mode shapes.
/
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DISTANCE FROM 
ROOT (INCHES)
PRK-OTST
ANGLE
RATS OF 
PRE-TWIST
0
1 
2
3
4
5
10
11
12
O
4°o
l2°o
19° 20
28 O
36° 30
44 30
53 20
62°  0
?0° 30
78° o
85° 30
90 O
4°0
8°  0
_o _ /
7 20
8 40
8° 30
8°  0 
8°  50
8° 40
8° 30 
7° 30 
7° 30
o /
4 30
LINEARITY OF PRE-TWIST OF 4:1 b / . PATIO 90 PRE- '  G
TWISTED RECTANGULAR CROSS-SECTION BEAM
TABLE 5ol
DISTANCE FROM PRE-TWIST
F------------------—
RATE OF
ROOT (INCHES) ANGLE PRE-TWIST
0 0
5 °  20
0 .5 5 °  20
8° 20
1 .0 13° 4o
8° 4o'
1 ,5 22° 20
7° 40
2 .0 o '30 o
8° 40
2 .5 38°4o
6 °  4cf
3 .0 45°20
7 °  o' *
3 .5 52°20
8° 10
4 .0 60°30
7° 3^
4 .5 6 8 V _o
7 30
5 . °
o f
| 75 30
7° 50
5 .5 | 83°20
5° 4o
o0VO 89V
LINEARITY OF PRE-TWIST OF 90° CLOCKWISE PRE-TWISTED- 
AEROFOIL CROSS-SECTION BEAM
TABLE 5*2
~ ---------  - T
DISTANCE FROM PRE-TWIST RATE OF
ROOT (INCHES) ANGLE PRE-TWIST
.0
0.5
1.0
1.5
0
5°20
14° 0*
22° 0 
r> /
5?2C 
8°4o 
8° 0 
8° 0
2e0 30 0 O /
0 / 7 302.5 37 30
0 ' 
7 30
3.0 45° 0* 0 7 
7 0
3.5 | 52° o' 8° o'
0
0 60° o' 8° 0
4o 5 68° o' 8° o'
5*0 76° o' (M0CO
5.5 84° 20/ 5° 40
6.0 90° 0
LINEARITY OF PRE-TWIST OF 90° ANTI-CLOCKWISE PRE-TWISTED 
AEROFOIL CROSS-SECTION BEAM
TABLE 5,3
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6. CONCLUSIONS
6.1 Rectangular Cross-Section Beams
A transformation method has been developed for the solution 
of the equations of motion of a pre-twisted rectangular cross-section 
beam neglecting shear and rotary inertia effects. The method is 
particularly suitable for the pre-twisted beam problem because of its 
inherent stability. Comparison with known exact solutiors and other 
investigators1 results, where available, shows the accuracy to be good, 
and it is concluded that this method will give results within 0.5% of 
the exact solution. The comparison of theoretical natural frequencies 
and mode shapes with experimental results is good and it is concluded 
that the natural frequencies and mode shapes of vibration of slender 
beams can be calculated with confidence by the transformation method of 
solution of the equations of motion.
The Rayleigh Ritz method, using static displacement curves in 
the form used by Dunholter as approximating dynamic functions, gives 
unsatisfactory results both for the fundamental and second mode natural 
frequencies.
The Rayleigh Ritz method, using static deflection curves as 
approximating dynamic functions in the manner used by the author, gives 
acceptable results for the natural frequency of the fundamental mode 
but unacceptable results for the second mode. The work involved 
however makes the method unsatisfactory even for the computation of the 
fundamental mode of vibration.
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A Rayleigh Ritz method using characteristic functions of a 
straight beam as approximating dynamic functions for motion in the yy 
and xx directions has been developed for pre-twisted rectangular cross- 
section beams. The natural frequencies and mode shapes obtained by 
this method gives good agreement with those obtained by the transforma­
tion method of solution the maximum difference being of the order of 2%.
The natural frequencies and mode shapes of vibration are 
dependent upon the b/ ratio and pre-twist angle.
The Rayleigh Ritz method, using characteristic functions of 
straight beams for both the dynamic displacements due to shear and 
bending, has been developed to allow for both shear and rotary inertia 
effects for straight and pre-twisted rectangular cross-section beams.
The approximating dynamic functions do not satisfy completely the 
boundary conditions or the orthogonality relationship of normal modes. 
Good results are however given by the method, an error in the order of 
1% being given when compared to the exact solution for the case of a
straight beam with an r/^ ratio of 0*1,
For pre-twisted beams the effect of shear and rotary inertia
is dependent upon the b/, ratio, pre-twist angle and r/_ ratio,
Q Li
The effect of shear and rotary inertia upon the natural fre­
quency ratios of the first five modes of vibration is small for an 8:1
b/_ ratio beam of length six inches, a maximum percentage drop of 2,5% 
d
/
being given at the third and fourth modes. The effect upon the
9
first five mode shapes of vibration is also shown to be very small.
For a 4:1 b/^ ratio beam of length six inches the effect of 
shear and rotary inertia becomes aore considerable and at the fifth 
mode a maximum error of the order of 12% would be incurred if these 
effects are neglected.
The theoretical results allowing for shear and rotary inertia 
are also dependent upon the shear stress factor k and an increase in k 
value decreases the theoretical natural frequencies. For a 4:1 b/^ 
ratio beam of length six inches a variation in the value of k of 25% has 
only a 5^ % change on the frequency ratio at the fifth mode,
6,2 Aerofoil Cross-Section Beams
It is shown for the particular cross-section beam used in' this 
work that coupling with torsion is very small in the first and second 
modes of vibration. However, the third and fourth modes in particular 
and also the fifth mode are complex modes of vibration consisting of 
both bending in the yy and xx directions coupled with torsion. The
effect upon natural frequency ratios and mode shapes of variation in the
value-’ of the centre-of-flexure co-ordinates is also considerable 
for these modes. Thus, calculation of the natural frequencies and 
mode shapes of vibration of such beams neglecting coupling with torsion 
or with inaccurate valuesof the centre-of-flexure co-ordinates could 
result in large errors.
A transformation method has been developed to obtain the
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natural frequencies and mode shapes of vibration of straight and 
pre-twisted aerofoil cross-section beams. The natural frequencies 
obtained by this method compare favourably with the results obtained by 
an analytical solution for the caao of zero pre-twist, the maximum 
percentage difference being of the order of 0*25%-
The agreement between theoretical and experimental natural 
frequency ratios is satisfactory for both clockwise and anti-clockwise 
pre-twist angles, the maximum error being of the order of 6,5% at the 
fifth mode. This difference would be reduced by about 2,5% if shear 
and rotary inertia effects were included*
The agreement between theoretical and experimental mode 
shapes is satisfactory for both clockwise and anticlockwise pre-twist 
for the first, second and fifth modes of vibration. However, the 
third and fourth modes, which are the strongly coupled modes, show 
poor agreement, A better agreement could possibly be obtained by 
more accurate centre-of-flexure co-ordinates.
The effect of the sense of the pre-twist angle upon the 
theoretical natural frequency ratio is of the order of 1.5% and 
theoretical trends within these limits cannot be verified experimentally.
The effect of the sense of the pre-twist angle upon the 
first, second and fifth mode shepes of vibration is small although 
there is a change in phase between the centre-of-flexure displacements 
in the yy and xx directions. The effect of sense of the pre-twist 
angle upon the third and fourth modes, which are the strongly coupled
228.
modes, is considerable. Thus the mode shapes of vibration of clock­
wise and anti-clockwise pre-twisted beams for strongly coupled modes are 
completely different.
/
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CHAPTER VII
7.0 FUTURE WORK
It is considered that because of the uncertainty of the 
agreement between the theoretical and experimental results of the pre- 
twisted aerofoil cross-section beams, a study of pre-twisted aerofoil 
beams with one axis of symmetry would be worthwhile. For this type of 
beam the centre-of-flexure co-ordinates can be obtained theoretically 
thus reducing the number of unknowns. The equations could be extended 
to allow for second order effects and the importance of these effects 
could be investigated.
The present work on shear and rotary inertia effects is not 
comprehensive since its purpose was only to establish whether the shear
and rotary inertia effects were appreciable for the aerofoil beam used
x
u£ed in the work. It is considered that the work allowing for shear 
and rotary inertia effects could be extended for a set of b/ ratio 
beams with lengths ranging from 3 to 20 inches. The transformation 
method could be developed for solving the equations of motion allowing 
for shear and rotary inertia effects and this would give an alternative 
method of solution to the Ritz method used in this work.
The present work is part of a large scale research programme 
associated with the vibration characteristics of pre-twisted blading.
A spin rig capable of speeds in the region of 20,000 r.p.oa. has been 
installed in the Mechanical Engineering Department of the University of 
Surrey. A logical extension of the present work is to extend it to 
allow for Centrifugal tensile effects and to study the vibrational 
characteristics of rotating cantilever beams.
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APPENDIX I
BASIC BEAM EQUATIONS
General Equations of Bending of a Beam
Figure A.1.1. shows the co-ordinate system used for a beam 
of irregular cross-section* The z axis of the x,y,z co-ordinate axes is 
coincident with the undeformed position of the elastic axis* XX and YY 
are the principal axes which are inclined at an angle a to the co­
ordinate axes x, x, and y, y,•1 1 1 1
Let a short element of the beam be subject to external bend­
ing moments in the x^z plane and in the y^z plane such that the
upper and leading edge fibres are in compression. Let R and R be the
X Ui
radii of curvature in the x^z and y^z planes respectively. The usual 
assumption is made that initially plane sections remain plane after 
bending.
The strain on a longitudinal fibre of cross-sectional area 
dA and length dz, initially distant a and b from the z axis in the x^
and y^ directions, is
(R^aJdj^ - + (R2 - b)ctj^2 - R2d/2
dz dz
(Al)
thus © = -adjzT. - bdj^ _................. ...................• .,,, , (A2)1 a
dz dz
where $ = dx and / = dy. are the local slopes in the x and y1 1  A 1 X X
' dz dz
directions respectively of the beam after bending.
For small deflections the curved length ds of the neutral
fibres differs very little from the initial length dz*
Therefore ds = dz = R d$ = R drf .,«»*».«X X  A M
Hence the strain in the fibre is given by
(A3)
= -adj&^  -
and thus 3 = -a - b
R. R.
2 2 Also from elementary beam theory T = d x and I = d y
Ri T a -  \  T Tdz dz
(A4)
(A5)
Hence the strain in the fibre is
<=» j 2 2e = -ad x, - bd y,1 J1
dz dz
Thus the stress in the fibre becomes
(A6)
f = -Ead^x^ - Ebd^y^
dz dz
• (A7 )
and the force is given by
r
fdA -Ead^x, - Efod^ y, 1 J1
dz dz
dA, (A8)
The moment 6M_^  due to the force in the fibre acting about the axis y 
on the deflected cross-section is given by:-
6M ~ -afdA x (A9)
v/here the minus sign is introduced to make the moment positive when 
produces compression in the upper and leading edge fibres*
Hence 6M for the cross-section becomes x
6M = -a x
2 2 -Ead x^ - Ebd y
dz dz
dA (A10)
The total moment is given by
’“\A
M afdA
O o
n A pA
Ed a2dA + j Ed y^ abdA
0 . 2dz V 0  dz2
= EX d2x, + El d2y, 
yy 1 xy 1
 ^2  ^2dz dz
(All)
Similarly the total moment about the x^x^ axis is given by:-
M = El d2y, + El d2x, y xx 1 xy 1
2 2dz dz
(A12)
1,2, Relationships between I 1 , 1 ,  Ivv, Iv„ and r ,r ,rv,rv ^ xx, yy xy7 XX7 YY x y X7 Y
It can be seen from Figure A,1.1* that:-
I = \  b2 dA = xx
b dXdY „
V  u
and since b = X sin a t Y cosOt 
it follows that
(A13)
(Al4)
(X2sin2.« + Y2cos2.-a + 2XY sinA cos a) dXdY
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2 2Hence I = I„r,rsin at + I„,J.cos a     (Al6)xx YY XX
since I = 0 about the principal axes*
A x
Similarly it can be shown that:-
lyy = Iw cos2a +  Ixx®in2a      iA17)
also I = S abdA = I PabdXdY  (A18)
and since a = Xcos ot - Y sin-Ot •*•- - - - o ( A 1 9 )
n
cio
(Xsin«a + Ycos.ct) (Xcos.a - Ysina)dXdY
\ (X2sinascosa - Y^cosa.sina + XYcos^a - XYsin2a)dXdY
= (I^ - Ixx)sinacosa
= I^yY*’IXX^ sin2a............. ............. . • * (A20)
2” “*
It can also be seen from Figure A„lal- that the following 
relationships exist between r^, r r^ . and r^, viz:
r = r„cosa - r__sina   (A2l)x X Y
and r = r__sina + r__cosa  ................... .. • -». • (A22)y X Y
. 2  3 4 .
T7
C.f
-Q
CO-ORDINATE SYSTEM OF A BEAM
OF ASYMMETRICAL CROSS-SECTION
FIGURE A 1.1.
APPENDIX II
BASIC ENERGY RELATIONSHIPS OF A BEAM (WITHOUT SHEAR AND ROTARY
INERTIA)
II.1 Strain Energy due to Simultaneous Bending in two Planes
A beam is subjected to simultaneous bending in the x^z and
y z reference planes. When torsion effects are prevented, the strain 1
energy a s^or  ^element of length dz is given by:-
dv, = d(2f. + | M db x 1 y 2 (A23)
Substituting equation (All) and (A12) of Appendix I into equation (A23) 
the strain energy of a short element is given by:-
El / d x,
yy I  J,
\ 2 I
\dz /
+ EIxy
.2 \ d y, \
dz2/
/d2x1  ^
!dz2 /
\ dz
EI
XX
!£y \ * EI^ 
dz? 1
d x-
dz
i i l
dz /
dz (A24)
thus dv, sab EI Id2x.
dz
+ EI + EIxx/fj 1
(dz*
dz ...(A25)
Thus for the whole length of the beam the strain energy of bending is:-
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With torsional effects absent the deflections x^, y^ of 
the centroid, in the two reference planes x^z and y^z are equal to 
those x, y of the centre-of-flexure and hence for pure bending
C 0
E1yy(*jz) + E^  I Jdfx I / + E1XJ^Z\
2 \dz2/ [dz2 / \ dz2/ 2 \dz2j
2~
dz . . . . .(A27)
IIo2 Strain Energy due to Torsion
When the beam is in torsion only about the zz axis, the
strain energy (dV, ) in a short element is:- t
dvt = itQde (A28)
where t is the twisting moment and 0 is the angle of twist,
Thus, since t = Cd9 ^
0 T “dz
' / I  \ 2dV. = ic I rn\ de\dz = Ic/d0\ dz
*  ^ t o j (  t o )  ( t o)
and thus for the whole beam the torsional strain energy is given by 
OL
U 0
II.3 Strain Energy in Bending-Bending Torsion Vibration-’
When torsion occurs simultaneously with bending in the x^z 
and y^z planes, the total strain energy (V) is obtained by application 
of the principle of superposition of strain and is given by;-
.237.
V =
pL.
ei (a2x\ + EI /day\
^ 7 2
/ A \ + EI (<Lz\ + £ CD
T yyl~~2 1 ; 2  J — “X X2 2 ) 2 \dz;j 0 \dz J \dzj ^dz / \dz / •
dz ••••(A29)
Kinetic Energy of a Beam Vibrating Simultaneously in two 
Planes.
When an element (dz) of a beam vibrates simultaneously in 
two planes the instantaneous kinetic energy dT^ of the mass concentra­
ted at the centroid is given by:-
dTfa = 2~wdz )2 + ^wdz(y^)2
g g
and since x, = x + r 9, y, = y - r 9 1 y 1 x
.(A30)
dT = 
b w(x + r + w(y - r §)2y x
dz (A31)
2g 2g
Hence the total instantaneous kinetic energy is given by:-
-iL r-
T = Ib 2g
U
w(x + r §)^ + w(y - r |dzy x J (A32)
II.5 Kinetic Energy of Torsional Vibration
When a short element (dz) of the beam vibrates in torsion
2the kinetic energy about the centroid is given by dT = I dzd
t e.g.
2g
v/here I is the polar moment of inertia per unit length of beam c.g
taken about the centroid. Thus integrating along the beam length, the 
total kinetic energy of a beam in torsional vibration is:-
.238.
x e dzc.g (A33)
C 0
II»6 Kinetic Energy of Combined Bending-Bending Torsion 
Vibration»
When a beam of asymmetrical cross-section vibrates, the mode 
of motion is one of combined bendingi*bending-torsion.
The total inetic Energy thus consists of the kinetic energy 
of the beam mass concentrated at the centroid, plus the kinetic energy 
due to torsional motion about the centroid. Hence the total kinetic 
energy T is given by:- 
/•)L
T s I
2g
U
vr(x + r 3)^ + w(y - r + I ( 
Y x c,g dz (A34)
o
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APPENDIX III
DERIVATION OF THE DIFFERENCTIAL EQUATIONS OF MOTION (WITHOUT 
SHEAR AND ROTARY INERTIA EFFECTS^
111*1 Pre-twisted Cantilever Beams of Uniform Asymmetrical
Cross-Section
When a beam is acted upon by uniformly distributed loads
w and w in the y z and x z planes respectively, the loads may be 
yl X1 1 1
replaced by equal loads w and w acting along the centre-of-flexure
yl X1
axis together with a couple w^ about the centre-of-flexure axis as 
shown below:-
The equations due to the loads and couples are given by:-
o 24:0 o
When the blade vibrates the inertia force of translation in the y^z 
plane is given by:-
(A38)
g dt2
and the inertia force of translation in the x^z plane is given by:-
IF = ~w d x,
X l  rg dt
(A3 9)
When bending and torsion occur simultaneously the displacements x^ and
y^ are given by
x, = x + r ©i y
and y, = y - r © 1 J x
(A40)
(A4l)
The inertia forces thus become:-
y1 "p1 1 s
and IF = -w
f xi r
C(y~ rx@)
dt
d (x + r 9) ______y
d t 2
(A42)
(a43)
in the y^z and x^z planes respectively*
The total inertia torque about the centre-of-flexure axis is given by:-
IT = -I d 0 + w
© _c«9___  “■
5 2 9 
g dt
2d J(y - r ©) r - w x x —
—  2 I 9
dt !
d (x + r ©)
 _ --X-.
dt2
X* 9 0 9 0 0 9y (A44)
When the statically distributed loads and torques are replaced by the 
corresponding inertia loads and torques the differential equations of
motion for coupled bending-bending-torsion are
dz
Elxx ' d M + EI (dV\
\**2) U 2)
2 2 -w d y + w r d Q
3 dt2 3 * dt2
(A45)
dz
EI I d2x\+ EI /d2v I 
y y ( ^
2 2 
~ "T2S1 ^ x - 2! r d 9
3 dt2 3 y dt2
(A46)
and
Cd29
2dz
c*g.
2 2 2 2 2 2 2 d O - w r d y  + w r  d 9 + v/r d x  + vrr d 9  
!__ . x -  x — - - y  — - — -y — -
2 g ,,2 S dt 9 dt 9 dt
(A47)
dt dt
Assuming harmonic motion of the form x = x sinpt for the x, y and 9
2 2displacements and remembering that 1 ^ = 1  +wr + wr<?*x0 c « g x  y
equations (a45), (A46) and (A47) reduce to the following equations,
namely
dz
EI /d2y\ + EI ,2d x 2- wjp y 
g
- wr_^ p 9
g
(A48)
dz
EI [d2x\ + EI I d2y'
yy
dz2 /
xy
\dz 2j
2 2 -wp x = wr p 9
g g y
(A49)
2 2 2 2
Cl ±  + Ic,ff 9 = ryP X + -  V  7
dz2 g 9 9
(A50)
Equations (A48), (A49) and (A50) are three simultaneous equations in
x, y and 9 and represent an eigenvalue problem, A set of solutions
is possible,each of which yields a natural frequency p of the blade
• 2 4 2 ,
with corresponding displacements x, y and ©„
When pre-twist is absent, that is to say a. = 0, the blade
still vibrates in coupled bending-bending-torsion, However, since the
axes x x ,  and XX, YY coincide along the length of the blade, and
1 1  1 1
the cross-section is uniform, I , I , r and r are constants
xi V  yiyi x y
and equal to Ivv-, Ivv, rv and rv respectively. Also I „ is constant
XX A  1 C i l
and I = T _ - 0o
xiyi ”
The equations of motion for a straight asymmetrical blade 
are therefore
 ....   ...(A51)
dz 9 g
E I y Y  = w r yp 2e   (A 5 2 )
4 g  ------ ----- —
dz g
2 2 2 2 Ccl-Q + I fp 0 = - wr p x + wr p y , ,2 J. A  « o o o e o o o e o « o e * e o < 3 o o o  J  /
dz g g g
The equations are simultaneous in x, y and 0 and the 
solution will give a set of natural frequencies each of which will have 
a mode of vibration consisting of motion in the x and y directions 
together with twist,
111o2 Pre-twisted cantilever Beams of Uniform Rectangular
Section
The equations of motion for the vibrations of pre-twisted’
beams of uniform cross-section can be obtained directly from equations
(A48), (A49) and (A50) by letting r = r =0, that is the centre-of™. x y
flexure and the centr©-of-gravity become coincident. The equations of 
motion are:-
dz
£
dz"
EI /d^y\ + EI I d2x\xx
dz dz
i 2
| = 2SLZ
yy
/ ,2 \ | 2 
q y * =
xy| 7 2 )dz , J
EI I d x \ + EI / d j j  yp x 
dz- - 2/l 0 “
(A54)
(A55)
and Cd 9
• w
- 1 p2©c o g o
g
(A56)
Equations (A54) and (A55) are simultaneous in x and y and 
equation (A56) is an independent equation in 9. The blade may *. 
.therefore vibrate in coupled bending-bending vibrations or in an 
independent torsional vibration.
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APPENDIX IV
DERIVATION OF VELOCITY, ACCELERATION AND INERTIA LOADINGS 
ALLOWING FOR SHEAR AND ROTARY INERTIA EFFECTS FOR PRE-
TWISTED CANTILEVER BEAMS OF RECTANGULAR CROSS-SECTION.
Figure A»IV.1(a) shows a cross-section of a pre-twisted 
rectangular beam at a distance z from the origin of the co-ordinates; 
the origin being at the fixed end of the beam. The initial location 
of an element P in the cross-section is shown in Figure A.IV.1(a). The 
centroid and the centre-of-flexure axis are coincident and the x^x^ anc^  
axes are coincident with the xx and yy axes. In the figure these 
axes are denoted as xx and yy. The zz axis is normal to the plane of 
the paper and is coincident with the centroidal axis.
It is shown in Appendix I that the following relationships
exist for a and b in terms of the distances along the principal axes
and at the pre-twist angle, viz:
a = Xcosa - Y sina............................(A57)
and b = X sina + Y cosa    ........ ....(A58)
Let beam displacements occur such that the point of intersection of the
centroidal axis and the considered cross-section moves the distances y
and x in the y and x directions respectively, the cross-section
remaining perpendicular to the centroidal axis. The new position of
the element P is shown in Figure A.IV.l (b) and the following equations
define its position, viz:
/ /
Z1 K Z " *ba “ ybb °* 0 0 0 ................... ............. *A
/
/ /
where x^ and y^ are slopes due to bending only.
a^ = x + a ................. ..............(A60)
= y + b                  (A6l)
The velocities and acceleration of the element P in the z, y and x
directions are given by:-
z - -x"a - y b........... ............. ......... . (A62)1 b b
a^ = X    ...a. ..(A63)
= y       (A64)
/ /
and z* = -xj* a ~ ...... ..... ....... ...... . (A65)
a* = x"     ,...(A66)
= y-       ...(A67)
The inertia loading per unit length is derived from the 
acceleration by the appropriate integrations over the cross-section 
giving the following expressions for inertia forces and torques.
Inertia forces per unit length are given by:- 
r P / '
V- r! ,tn—a = - P  j^z^dXdY = j j p (x^a + y,°b) dXdY........... (A68)
n
a = - x
t
a = -
y  a
x°dXdY .........     (A69)
p y ’dXdY .....    (A70)
V
The inertia torques per unit length of the beam are given
rn Op ' '
T = - -z° n bdXdY = - j ip(x"a + y“b)bdXdY .......... (A7l)
y jJ i\ J J \  b Jb
T = - adXdY = - lTp(x> + v>)adXdY.......... (A72)
x  J j  , J  \ b b
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Therefore T
/  ( i  rv
= - x“ I ipabdXdY - y
a sj
Cb2dXdY
V
/ /
9 9 _ mm O © -=~x t) X - y, pi bv x y  ^ b ^ x x . (A73)
and T = x f foa2dXd.Y - y‘ \ fpabdXdY bc)j\ b |\
O Q T
= 0 * /
M  * * " ^ e . V y (A74)
The resulting expressions for inertia forces and torques 
per unit length of the beam are:-
o..... OO.ooo.oo..........ooo........oa..c(A? 5)
oeoeooeoaaoeooaa.oo.oaoooaooooooeaoea (A76 )
-wy' *... 0 0 . 0 0 0 000000.0..........(A77)
a = 0  z
o ea = -wx 
X
T = - X• OI y  D 1y b v( x y  - ^ b ^ x x .
o a
/ 
• o
X
CJ vP w *» -f.-x, o X - y, OIb V Y Y b \ x y
(A78)
(A79)
. 2 4 7 .
fa)
INITIAL POSITION OF BEAM ELEMENT
*-X
DISPLACED POSITION OF BEAM ELEMENT
FIGURE A.IV.I
i
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APPENDIX V
ENERGY RELATIONSHIPS FOR PRE-TWISTED CANTILEVER BEAMS OF 
RECTANGULAR CROSS-SECTION INCLUDING SHEAR AND ROTARY
INERTIA EFFECTS,
V.l Kinetic Energy Expression
The velocity components of an element p in the cross- 
section of a beam as given by equations (A62), (A63) and (A64) in 
Appendix IV are:-
/ / 
o o o *
Z1 = - V  - ybb
o o
= 2
61 = y
The kinetic energy of the element p of length dz is given by
T = 2" 0 dXdYdz (z, + a, + 6, )p ^---- —  1 1 1
g
(A80)
The kinetic energy of the blade element of length dz is therefore 
by: -
dT = i
g
« i e
Pj,. 2 - 2  ^ 2v .Y1V ,i } (z. + a + b ) dXdY fdz
1  JL I  j
a J i
/ ^p /  p  p  p
(-x a - y b) + x + y )dXdY dz
g
* 2  2  * / ^ 2 2  2 2
(x^  a + 2x^y^ ab + y^ b + x + y )dXdY
d
and since I = f T - 2
dz •
xx
dT =
u
/
b dXdY. I = a dXdY and Iyy xy
i ? (X £  2 + 2& y I + y. 2I ) + wx2+ wy2__ yy b V b V  b XX —  —
Cp<j
abdXdY
dz
given
.(A90)
(A91)
Thus the total Kinetic energy of the beam is given by
0
/o 2 o 2 » « _ ^vx + wy + I q x, + I u ,,
ig“  ^  b - g i - 6
/'2 T 
7r + 1
2g 2g
/ / 
IT^ V b
a
dz (A92)
Vo2 Strain Energy Expression
The total slojje of the blade in the y^z plane at a distance
z from the root allowing for shear deflection consists of two components,
viz,, the slope due to the shear 0 and the slope due to the bending 0O2 2%s b
Similarly the total slope in the x^z plane consists of the slope due to
shear 0^ and the slope due to bending 0 * The strain energy dV of an
s b
element of length dz allowing for bending and shear deflection is given
by:-
dV F dx + F efy + M 60. + M &0n x s y s x 1„ y 2,----------   d b
2
(A93)
where x and y are the corresponding deflections due to shear«3 3
Equation (A93) can be expressed in an alternative form as follows
dV F 0 + F 0 + M 0. + H 0x l  y 2 x 1, y 2,s b b
dz (A94)
The shearing forces F and F can be writtenx y
F = AG^ a n d F -  A<#2 ............. ......... .... (a95)
S 8
k k
where k is a factor making allowance for the non-uniformity of distri­
bution of shearing stress over the beam cross-sectiono Using these 
expressions together with equations (All) and (A!2) of Appendix 1 the
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strain energy dV of the element is given by:-
2 / o ✓ /
dV kG0. 2+ AG}* + EI )2 + EI 0O + EI (0O )2 1 2 yy 1, xyl, 2, xx 2,s s b b b b
2k 2k
dz ..o(A96)
The total strain energy of the blade is given by
V a
a o
AG
2k
(x - 0± )* + AG(y - 02 r  + EI )* + El J f j  ) )
'b 2k 
/
b
“ b
+ EI ($f )‘xx 2, —r  b
dz (A97)
where 0 = x - 0 and 0 = y - 0 and x and y are the total
1 1, w, 6,s b b b
deflections of the beam in the x and y directions respectively.
The strain energy may also be expressed in the following
form:-
nL _
v - *
U 0
2 _/, \ 2 / ,2 \ /_2 I _  /,2 \ 2v. I /d :AG /dy + AG/dx \*“ + 2EI / d~y, ) x. 1 + EI /d x. 
k i ^ )  k k )  ^ ( d ? /  \dz_ / U Z-
M  yy I__
+ EI / d2y  ^2 
xx t b
dz2
dz (A98)
APPENDIX VI
DERIVATION OF THE DIFFERENTIAL EQUATIONS OF MOTION OF PRE- 
TWISTED CANTILEVER BEAMS OF RECTANGULAR CROSS-SECTION 
INCLUDING SHEAR AND ROTARY INERTIA EFFECTS <>
Figure A.VI.l. shows the forces and moments acting on a 
differential beam element of length dz of a vibrating beam# The
element is formed by taking slices parallel to the yz plane. Summation 
of the forces in the y and x directions result in the following two 
equations, viz:
dFy + aydz = 0  ........    o.(A99)
and thus Fy + ay = 0 .....   (A100)
f
Similarly F + a = 0 ..... .............   (AlOl)X
Summation of the moments about the yy and xx axes leads to the follow­
ing two equations, viz:
dM + (F + dF )dz + a dzdz + T dz = 0 ...... „. (A102)
y y y y i” y
and dM + (F + dF )dz + a dzdz + T dz = 0 (A103)
Ignoring second order terms and dividing by dz gives
/
My + Fy + Ty “ 0  ......................     (Alo4)
/
and similarly + F^ + T^ » o .......e................ (A105)
Substitution of the expressions for M , M , F , F and the inertiax y 7 x y
forces and torques given by equations (A76), (A77), (A78) and (A79) 
into equations (A100), (AlOl), (A104) and (A105) results in the 
following four equations:
d
dz
AG(y - 0 )
k “'b
- wy° = 0 00. 0.0........  .... ....(A106)
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d
dz
d
dz
AG(x - 0 )
, JL.k b
- wx j= 0
g
(A 107)
/ —
+ ei 0,xx 2 xy 1b b
/
+ AG(y - ) - I 0«f, - = 0 ..CA108)
k %  XXi “b ^
d
dz
EI 0. + EI 0O + AG(x - 0, ) - I Q 0  - I C &  = 0  ..(A 109)
* * % {  ~  \  xb sy  ^ 2b
J 0 9L_
A  AAssuming harmonic motions x = x sinpt and y = y sinpt the differential 
equations of motion are:-
.d
dz
d
dz
d
dz
d
d2
AG(y " 02 )
k b
AG (x - 0 )
k b
+ wp y = o ............  . ......... (aiio)
+ wp x = 0  ..................   (Alll)
g
/ /
EI 1  + EI 0,xx 2, xy 1.b b
+ ag(/_ j )+ Xxx!?p \  ♦ I ^ p X =  0 112)
b b x b
g g
* / p p
EI + EI 0 | + AG(x-tf ) + I OP 0, + I CP 1  = 0 ..(A 113)
y y  h ^  2b i I T  xb xh ^  2h
J g g
The boundary conditions for a cantilever beam are at z s= 0,
x = y = x^ « yb = 0 ......  ...............  .......... (A n4)
and at Z = L, M = 0. M = 0, F = 0 and F = 0 ..... . (A 115)x y x y
. f* " / ^  ^that is = 0, yb = 0, x - 0^ = 0  and y - 02 = 0 ........ .(-4:116)
b b
. 2 5 3 .
I
z
dz
EQUILIBRIUM OF FORCES AND  
MOMENTS ON A BEAM ELEMENT
FIGURE A.VI. I.
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